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Integration of Some Classes of
Trigonometric Functions

In this section we consider 8 forms of
integrals with trigonometric functions.
Special transformations and subtitutions
used for each of these classes allow us to

obtain exact solutions for these integrals.



1. Integrals of the form f cos ax cos bzdz, f sin ax cos bzdzx, f sin ax sin bzrdz.

To find integrals of this type. use the following trigonometric identities:

e cosazcosbzr = % [cos(az + bz) + cos(az — bz)|

e sinazcosbzr = % [sin(az + bz) + sin(az — bz)|

 sinazsinbz = —% [cos(az + bz) — cos(az — bz)|



For example, I cos(15x) cos (4 x)dx = cos (11x)+cos(19x) dx

o= po| =
r °n

il 1.
l—ls1n(llx)+ﬁan(19x) +¢

Example
Evaluate the integral |sin f cos %dz.

Solution.
Transform the integrand by the formula

1
sin azx cos bxr = E[Sin(a:r t bz) + sin(az — bx)].
Hence.
.z T | f T T . fZ T 1/ . Tz Y -
sin ZCOSE = g[sm(z + 3) + sm(z = 5)] = a(sml—2 — S1n ﬁ) .

Then the ntegral becomes

I
1 Tx 1 [ cos = cos —=
/Sin%cosgd.r = 5/(sinl—1 - sin %) dr = 5( ll'..’ _1_12) +C

6 Tz T
—?(.Obﬁ GLOb'l—Z' + C.




2. Integrals of the form f sin™x cos" zdx
It's assumed here and below that m and n are positive integers. To find an integral of this form. use the following
substitutions:

a. If the power n of the cosine 1s odd (the power m of the sine can be arbitrary). then the substitution

u = sin T 15 used.
b. If the power m of the sine 1s odd. then the substitution u = cos x 1s used.
c. If both powers m and n are even. then first use the double angle formulas
sin2r = 2sinx cosx, cos2T = cos’z — sin’z = 1 — 2sin’z = 2 cos’z — 1

to reduce the power of the sine or cosine in the integrand. Then. 1f necessary. apply the rules a) or b).



Example 1

Calculate the integral sin®zdz.

Solution.
Letu = cosz, du = — sin zdz. Then
/sinszdz = /sin2z sin zdz = /(1 - cos2a:) sinzdzr = — /(1 — u2) du = /(u2 — 1) du
:%s—u+0= cos’ —cosz + C.
Example 2

Evaluate the integral f cos’zdz.

Solution.
Making the substitution u = sin x, du = cos zdz and using the identity cos

/cosszda: = /(cos2z)2cos zdz = /(1 — sin21)2cos zdz = /(1 — uz)zdu

2u’ u® 2sin’z sin’z

=/(1—2u2+u4)du=u—T+?+C=sinz— 3 + E + C.

27 =1 sin2a:, we obtain




Calculate the integral [sin’z cos*zdz.

Solution.
We can write:

i / sin’z cos*zdz = / (sin z cos z) cos’zdz.

Transform the integrand using the identities
2 1+ cos 2z
B = i

/‘(sin2z)21+cos2z — l/sinzzz(1+oos2a:)dz

2 2

1 f1—cosdzx

sin’2zdz + = /mn22zoos2zdz =% sz+ ——/2sm22zcos2zdz

1 2 1 sin 4z 1 sin®2z
= 16/(1 oos4z)dz+16/sm2zd(sm2z) ( - )+16. 3 +C
16 64 48




3. Integrals of the form f tan"zdzx

The power of the integrand can be reduced by using the trigonometric identity 1 + tan2z = sec?z and the reduction
formula

tan™ !z
/tan"zdz = /tan" 2z tan’zdz = /tan" 2z (sec2:c — 1) dr = —— — /tan" 2zdz.

n—1

4. Integrals of the form f cot"zdzx

We can reduce the power of the integrand using the trigonometric identity 1 + cot™z = csc™z and the reduction
formula

cot™ 1z
/cot"zdz = /cot" 2z cot’zdz = /cot" 2z (csc2.7: — 1) der = ——— — /cotn 2dz.

n—1

5. Integrals of the form f sec" zdx
This type of integrals can be simplified with help of the reduction formula:

n-2
sec" “xtanz n—2
/ sec"zdx = + f sec” 2zdz.

n—1 n—1

6. Integrals of the form f csc"zdzx
Similarly to the previous examples. this type of integrals can be simplified by the formula

csct “zcotx n—2
/ csczdr = — + / csc™ 2zdz.
n—1 n—1

n-2




Example 11

Compute f tan’z sec’zdz.

Solution.
3 2 3 tan'z
tan"z sec®zdz = [ tan"z d (tanz) = n + C.
Example 12

Compute f tan’z sec zdz.

Solution.
Use the identity 1 + tan?z = sec?z. Then

= /tanzx seczdr = /(seczm - 1) sec zdr = /secszda: — fsec zdz.

Since f sec’zdr = w + % ln{ta.n(% . %)l (see Example 9) and f sec zdx 1s a table integral equal to

f sec zdx = ln'tan(% + %) , we obtamn the following complete answer:

t 1 T
I= /sec3zdx - /seczda: = —sec:c2an2: + Elnltan(% + %)‘ - ln‘tan(% + %)‘ + C
secrtanz | T
’tan(

m
= SEE — ghaften(5 + 3)| e



7. Integrals of the form f tan™z sec" zdx

a. If the power of the secant n is even. then using the identity 1 + tan?z = sec?z the secant function is

2

expressed as the tangent function. The factor sec®z 1s separated and used for transformation of the

differential. As a result. the entire integral (including differential) 1s expressed in terms of the function
tan z.

b. If both the powers n and m are odd. then the factor sec z tan =, which 1s necessary to transform the
differential. 1s separated. Then the entire integral 1s expressed in terms of sec z.

c. If the power of the secant n 1s odd. and the power of the tangent m 1s even. then the tangent 1s expressed in
terms of the secant using the identity 1 + tan?z = sec?z. Then the integrals of the secant are calculated.

8. Integrals of the form f cot™z csc"xdx

a. If the power of the cosecant n is even. then using the identity 1 + cot?z = csc?z the cosecant function is

2

expressed as the cotangent function. The factor csc“z 1s separated and used for transformation of the

differential. As a result. the integrand and differential are expressed in terms of through cot z.

b. If both the powers n and m are odd. then the factor cot x csc z, which 1s necessary to transform the
differential. 1s separated. Then the integral 1s expressed in terms of csc .

c. If the power of the cosecant n 1s odd. and the power of the cotangent m 1s even. then the cotangent 1s
expressed in terms of the cosecant using the identity 1 + cot?z = csc®z. Then the integrals of the cosecant
are calculated.



Example 3

Find the integral [sin®zdz.

Solution.
Using identities sin’z = # and cos’z = % , We can write:
: § 3 1
I= fsmﬁmdz = /(51n21) dzr = 3 /(1 — cos 21:)3dz

3 3 sin2 3
= g/(l — 3cos 2z + 3cos 2z —cos32a;) dr = & = Hnar + g/cosz2zdz

8 8 2
3
- g /c0532zd:r..

Calculate the integrals in the latter expression.

2 4 2 8

1 4 1 1 =4 -
/‘Cosz2:zd:z=/‘$d$=5/\(14#(:05439_)(13:_(:z:+ s I) _z 4 sin z.

To find the mtegral f cos®2zdz, we make the substitution u = sin 2z, du = 2 cos 2zdz. Then

1 1 1
/cos32xdz = 5 /200522z cos 2zdz = 5 /2 (1 - sin221:) cos 2zdzx = 5 /(1 — u2) du

A Y
U u sin 2z sin” 2z

Hence. the initial integral is

T 3sin 2z 3/x sin 4z 1/ sin2z sin®2z 5 sin 2z 3sindz
Emm ik 2 ook — = B +C = -

2 8 8

2 6 T 16 4
sin°2z
48

+:.0:

64



Example 7
Evaluate the integral f tan*zdz.

Solution.

We use the identity 1 + tan’z = sec?

z. to transform the integral. This vields

/tan“zdz = /tan2.7: tan’zdr = /tanz:c (seczz - 1) dzr = /tanzz sec’zdr — /tan2xdz

tan’z
=/tan2zd(tanx) —/(sec2:c— 1)dz = —tan z4w4C.
Example 8
Calculate the integral [cot®zdz.
Solution.
Using the identity 1 + cot?z = csc?z, we have
/cotsxdx = /cots:c cot’zdr = [cot3$ (csc2$ — 1) dzr = /cotsa: csclzdz — [cotsmda:
3 2 COt4I 2
= —/cot zd(cotz) — /cotxcot zdz = — T /cotm(csc z—1)dz
cottz cottz d(sinz
= — —/cotzcsc2xdz+/cotzdz:— —/cotzd(cotm)+/¥
4 4 sinx
cottz cot?z

=— + > + In|sinz| + C.



Example 9
Calculate the integral [sec®zdz.

Solution.
We use the reduction formula

sec” 2z tan n—2
/ sec"zdr = + / sec” 2zdz.
n—1 n—1
Hence.
secrtanx 1
/sec3zdz = —2— + E /sec zdzx.

4
. . - . - . z -
using the universal trigonometric substitution tan 5 ) As a result. the integral becomes

t 1
/sec3zd:t = w + Elnitan(% + %)l + C.

The integral |sec zdz 1s a table integral which 1s equal to f sec zdx = ln|tan(% + E) ’ (It can be easily found

Example 10
Evaluate the integral f csctzdz.

Solution.
We use the reduction formula

n-2
csc “zcotx n—2
j csc"zdr = — + / csc™ Zzdz,

n—1 n—1
Hence.
2 2
cscex cot = 2 csc“z cotx 2
fcsc4zdz == - + 3 /csc2zdz = = gcota: +C

= — CO;I (csczz + 2) + C.




Example 5

Evaluate the integral [sin’z ycos zdz.

Solution.
Making the substitution u = cos z, du = — sin zdz and expressing the sme through cosine with help of the formula
2 2

sin“z = 1 — cos“z, we obtain

/sin3z\/coszd:l: = /sin2z\/cosmsmmdx = /(1 — cos2:c) y/cos z sin zdx
1 5 3t 3H 2
9 e 5 u? u2
=—f(1—u)\/ﬂdu=—/(u2—u2)du=§ =g +C=?u
2 2

= %\/cos7 - z\/cossa: + C.

rol=r
ol w

|
w| o
e

Example 6

Evaluate the integral f sin i;— cos %dz.

Solution.
Transform the integrand by the formula

1
sinaz cos bz = 3 [sin(az + bz) + sin(az — bz)].

Hence.

sin %cos% = %[sm(% + %) +sin(% — %)] = %(sini—; — sin %) .




