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Jlekumna 1

TeopeTnyeckasa mexaHuka - 3T0 Hayka O Hamboree oOLLNX 3aKOHaxX MexaHu4e
CKOro BMXXEHUS U paBHOBECUS MaTepuarbHbiX O6bEKTOB.

OCHOBHbIE NOHATUS U onNpeaeneHns TEOPETUYECKON MEXaHNKM BO3HUKIN Ha OC
HOBaHUN MHOFOYMUCIIEHHbIX OMNbITOB U HabMAEHWIA Ha, ABNEHUAMU NpUPoabl C
nocnenywoLmnm abcTtparmpoBaHNeEM OT KOHKPETHbIX YCIMOBUIA Ka)kaoro onbita. B
TEOPETUYECKON  MEXaHUKe MOonb3ylTcsa  NpeaenbHbiMU  abcTpakuMsaMu:
maTepuanbHasa Touka u abcontoTHO TBepaoe Teno. [NpuBeneHHble abcTpakuum
NO3BONSAIOT M3y4YyaTb camble 0OOLIME 3aKOHbl MEXAHWYECKOrO OBWXKEHMUS, YTO U
COOTBETCTBYET OCHOBHOW 3adaye TEOPETMYECKOM MexaHuku. TeopeTunyeckas
MEXaHuKa SBMSIETCA OCHOBOW [ONSA  UM3YYEeHUst Takux OUCUUNIMH - Kak
COMPOTMBREHNE MaTePUanoB 1 AeTanu MaLlmvH.

Kypc TeopeTnyeckon MexaHnkn COCTOUT N3 TPEX YacTen: CTaTUKKN, KUHEMATUKUN U
OVHaMUKW.

CTtaTuka — pasgen TeopeTn4ecKkom MexaHnkm, B KOTOPOM U3y4aeTcs cTaTu4eckoe
paBHOBECKE MaTepuarbHbIX Ter, HaXOAALWMXCA Noa, AENCTBUEM MPUMNOXKEHHbIX K
HUM CUTT.

OCHOBHbI€ MOHATUSA CTaTUKW:

1 Ecnn HekoTopoe Teno He NepemeLlaeTcsi No OTHOLLEHUIO K APYroMmy Teny, To
FOBOPSAT, YTO NEPBOE TEMNO HAXOAUTCS B COCTOAHNUM OTHOCUTENTbHOIO PaBHOBECUS.

Teno, No OTHOLLEHUIO K KOTOPOMY paccMaTpUBaEeTCs paBHOBECUE APYTUX Ten,
Ha3blBaeTCHA TENOM OTCYETA.



2 Jlioboe Teno noag OEWUCTBUEM MPUNOXKEHHBIX K HEMY CUI U3MEHSET CBOMU reo
MeTpUYeckue pasmepbl 1 gopmy, T.e. aedopmupyetcs. B TeopeTnyeckon mexaHuke
9Tn gedpopmaunm He y4UTbIBAKOTCA U paccMaTpuBatoTCA TONbKO HeaedopMmnpyemble
— abcontoTHO TBepable Tena. Teno HasblBaeTcsl abCcosnioTHO TBepAdbiM, €Cnuv
pacCcTosdsHMe Mexay ero nwbbiMM  AOBYMSA TO4YKaMM OCTaeTCs MNOCTOSAHHbLIM,

3 Mepon MexaHn4ecKoro B3ammMmogencTeuns ten asnderca cuna. Cuna — BenuymHa
BEKTOPHAA, OHa XapaKTepu3yeTca TOYKOMN NPUNOXKEHNSA, HarpaBneHnem n Moayrnem
(puc. 1.1). EanHnua namepeHmns cunbl — HeOTOH (H).

v
Puc.1.1

4 COBOKYMHOCTb CWJI, JENCTBYIOWMX HA Kakoe-nMbo Teno, HasbiBAETCS CUCTEMOMU
cun. Obo3HavYaeTcq CUCTEME k. 7 7, . F) — CUCTEeMa, COCToALLas U3 n
cvn.

5 YpaBHOBELLUEHHOW, UITX SKBMBaNEHTHOW HYIO, CACTEMOW CUNM Ha3blBaeTCA Takas
cucTema cun, Kotopad, byayym NpunoXXeHHOW K TBepaoMy Teny, He HapyLUaeT ero
cocTosiHNA. TO eCTb, eCrn HEeKOTOPOE Tero He U3MEHSANO CBOE MONOXEHne
OTHOCUTESIbHO Tena oTcyeTa A0 NPUIIoXKeHU ypaBHOBELLEHHOW CUCTEMbI CUJT, TO
OHO HE U3MEHMUT ero 1 nocne NPUNoXeHi(x, 7, 7, . 7} Ton cuctembl. Obo3HavaeTcH
ypaBHOBELLEHHas cucTeMa Ccusl Tak: <=>0 (<=> - 3HaK
3KBMBANIEHTHOCTN).



6 Ecnu K HeKOTopoMy Teny NpurnoXXeHa CUCTEM(F, R, 7, .. F ) N K HEMY
npuknaabiBaem ewle (2. 2. 2.2} cun TaKylo, YTO BMeCTe C NepBou
OHa ByOeT coCTaBNATb YPaBHOBELLUEHHYO cuctemy cun. B (2. 2.2...03). cucremy
Ha3blBalOT YypaBHOBeLUMBaAKOLLEW cuctemon cun. Ecnu  ypaBHOBelumBatroLlas
cuMcTtema COC2)UMT M3 OAHOW CUnbl , TO 9Ta cuna HasblBaeTcCH
ypaB{&. F. K. .7} Len CUIIon 4ngd CUCTEMbI CUSI

7 Ecnn kaxxgaa U3 gByx CUCTEM CUE 7. F, 7y W (3. 2.0...2),)aBHOBELLIMBAIOTCH
ogHOM N TOW Xe cuctemom cun { , , , ... }, TO NepBble OBE CUCTEMbI CWUIl
9KBUBANEHTHbI{#. 7., F, .. F } 1 (2.2.8...0) BbiBOA: 3amMeHa cuctembl
cun, OEWCTBYKOLLEN Ha Teno, CUCTEMOW €W 3IKBMBANIEHTHOW HEe W3MeHSeT
COCTOSAHUA, B KOTOPOM Haxo4UTCSA AaHHOe Teno.

8 Ecnn cuctema cun aKkBMBanNeHTHa OOHOM cufe, TO 3Ta cuna Ha3blBaeTcs
paBHOL4EUCTBYOLLEN JAHHOW CUCTEMbI CUJT.

AKCUOMBbBI CTaTUKN

Akcrnoma 1. CBobogHoe abCconioTHO TBEPAOE TENO HaxoAUTCS B paBHOBECUU MOf
OencTBMeM OBYX CWUJS, Torda U TOSMbKO Torga, Korga cuibl 4EWUCTBYHOT MO OL4HOM
NPSAMOK B NPOTUBOMONOXHbIE CTOPOHbI U UMEIOT paBHbIE MOAYIIN.

Akcuoma 2. HencrtBue OaHHOM CUCTEMbI CUIT Ha abCONKTHO TBEPAOE TENO He
N3MEHNTCH, €ClIN K HEeN MpucoeauHnTb UM OT Hee OTOPOCUTbL CUCTEMY CUN
9KBMBANEHTHVIO HYMKO.
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Akcuoma 3. [1Be cunbl, MPUINoOXeHHbIE B O4HOM TOYKE Tena, 9KBUBANEHTHbI
PaBHOLOENCTBYIOLLEN, NPUITOXXEHHOM B TOW XXe TOYKEe U onpeaensaemMon Kak
auaroHarsb napannesnorpamMmma, NoCTPOEHHOIo Ha cusiax Kak Ha CTOpoHax.

{(F.F}«>R

AKcHomMa 4. CUIbl B3aMMOLENCTBUA OBYX TeS1 paBHbI MO BENIMYNHE N HanpaBneHbl No

O4HOW NPSIMOW B NPOTUBOMOSI0XHbIE CTOPOHbI.

Teno HasblBaeTcsl CBODOAHLIM, ECIIN €0 NEPEMELLEHUS B NPOCTPAHCTBE HUYEM HE
orpaHundeHbl. ECnu Ha nepemelleHne ToYeK Terna HaknaablBatTCA OrpaHNUYeHus,
TO TENO Ha3blBaeTCsl HECBOOOAHLIM UK CBA3aHHbIM. MaTepuanbHble Tena,
orpaHuymBaroLLmMe nepemMeLLeHNs AaHHOro Tena HasblBaroTcs cBa3amMmn. Cuna, ¢
KOTOPOW CBSI3b AEMNCTBYET Ha JaHHOE TeS0, Ha3blBaeTCs peakumen ceasn. Cuna
OENCTBYET Ha CBA3b, a peakumsa CBA3U Ha Teso.

Akcnoma 5. (Akcnoma ocBoboXXaeHus ot cBsiden). PaBHoBecKe Tena He HapyLUUTCS,
eCI HaJI0XKeHHble Ha Hero CBA3n 3aMeHUTb PeakuMamMmn CBA3EN.

Akcuroma 6. (Akcoma o 3aTBepadeBaHun). PaBHoBecue aepopmMnpyemMoro Temna He
N3MEHUTCS, €CINN Ha HEro HaNoOXuTb AOMNONMHUTESbHLIE CBA3U UITN OHO CTaHET
abConTHO TBEPALIM.




CneacTtBus N3 akcMom

Cnegcrteme 1. Cuny, NpUIIOKEHHYHD K abCONKTHO TBEPOAOMY Terly, MOXHO
NepeHoCcuUTb B JIOOYH TOYKY ee NMHUKM gencTteud. Npu aToMm gencreme cusnbl Ha
Teno He U3BMEHUTCS.

[lokaszaTenbCcTBO: F

[TycTb Ha TBepadoe Ternio 4eNCTBYET cuna , MPUNOXEHHAA K TOM (7 7y s, 4)-
[Mpunoxmm B HeKoTopon Touke B NMuMHMKM pevFA=F=F UMbl F uncicwv  odn
4 TO AOMYCKaEeTCA HA OCHOBAH! (7 7 my¢=> F. [pnmem (R, R} =0

B pesynsraTte nony4ymm cuctemy i . 3aMETUM, YTO F<=>{F 7, F<=> R,

OCHOBaHUN akCUOMbI 2 3Ty CUCTEMY CUIT MOXXHO OTOpOoCUTb. [Nonyyaem
BbiBoa: Cuna siBnsietcs CKOMb3sLLUM BEKTOPOM.
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Cnencteue 2. Teopema 0 HEOOX0AMMOM YCIOBUM paBHOBECUS Tena, HaxoasLWMMCS
noAd AenCcTBUEM TPEX HenapannenbHbIX CUM, NeXallnx B OAHOW NITIOCKOCTH.

Ecnn ceobogHoe Teno HaxoguTca B COCTOSIHUM paBHOBECUS Mo, AEUCTBUEM TPeEX
HenapannenbHbIX CUM, nexawmnx B 0OgHOW MNIOCKOCTU, TO NUHUN OENCTBUS ITUX
CWUIN nepecekarTCcsa B O4HON TOYKeE.

[loka3aTenbCTBO:

[lycTb K TEeny NPUNOXXeHbl TPU CUIE & | F, | F (puc. 1.5). { 5 ,F} «=> 0. |0OCKONbKY NMHUK
OEeNCTBUA CUN HenapansenbHbl, TO N0o0bIe ABe U3 HUX (MYCTb U ) NepeceKkyTcs B
HekoTopon Touke O. lNepeHeceMm F. 1 F B Touky O M 3amMeHUM 3TU CUMbI
paBHoAeUCTByOLWeN . [lonyuum (7. 7.7 <=> (R, K}, a ansi Toro 4Ytobbl TENo
Haxo4unocb B paBHOBECUU, HEOOXOAMMO BbINOSIHEHUE YCI(R = 7, , N OHMU
OOJKHbI ObITb HanpasBsieHbl MO O4HOW NMPSMOW B NPOTUBOMOJ iukHbie CTOPOHbI. TO

€CTb JNIMHUA OEUCTBUSA CUIbl OOMKHA NPOXOANTb Yepes TOUKY nepecevyeHns NnHum
NENCTBUA CUIN F.nF,.
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Buabl cBA3en U uX peakumm

[py peleHnn TEXHUYECKUX 3adady BO3HMKAET HeobXoOoMMOCTb Moucka peakuuin
pasnnyHbix cBasen. ObLee npaBuno, KOTopoe crieayeT NPUMEeHsITb, COCTOUT B
crneayrLweM: ecnn orpaHNYMBaloTCsl NepeMELLEHUST KaKon-nMbo TOYKM Tena, To
peakumo crnedyeT NpuknaabiBaTb B 3TOW TOYKE B CTOPOHY, NMPOTUBOMOSIOXKHYHO
HanpaBIieHMIO, B KOTOPOM OrpaHU4YMBaETCH NepeMeLLEeHme.

OCHOBHbIe TUNbI CBA3eun:

1 [Mapkast NoBepxHOCTb Unu ornopa. nagkon cyntaeTca NOBEPXHOCTb, TPEHMEM O
KOTOPYH MOXHO npeHebpeyb. Peakuuns rnmagkon NnoBEPXHOCTU CBOAUTCHA TONMbKO K
peakuum , HanpaeneHHoM no obwen HopManmMm K KOHTaKTUPYHOLLUM
NOBEPXHOCTAM, B MPeanonoXeHuu, YTo ata HopMarb CyllecTByeT (puc. 2.1.a).
Ecnn oblwien Hopmanu He CyLEeCTBYET, TO ECTb OgHa U3 NOBEPXHOCTEN UMEET

YIMOBYIO TOYKY UMM «3a0CTPEHUE», Ppeakuns HanpaereHa no Hopmanu K apyron
NOBEPXHOCTHN (puc. 2.1.0).

2 LUlepoxoBatasds NOBEPXHOCTb - 3TO [MOBEPXHOCTb TPEHUEM, MO KOTOPOM
npeHereraTb Hesb3s. PeaKu 7 R LLiepOX0oBaTOW NOBEPXHOCTU CKNaablBaeTcs nU3

H-™ T 77 3HKMA . (puc 2.2). Moaynb R

o) R=,W|If‘.'r:+F’: : (21)

3 [mbkas cBaAsb. K aToMy Tuny CBA3M OTHOCATCSA CBSI3W, OCYLLUECTBMSEMbIE C
NMOMOLLBIO Lenu, Tpoca, KaHaTa u T. O. Peakuusa Tako CBA3U Bceraa HanpasneHa
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Puc. 2.2

4 UwnnuHgpudeckun wapHup  (puc. 2.4) 1 nogwunHuk (onopa B pwuc.2.5).
LnnuHgpunyecknm wapHMpom HasblBaeTca coeauHeHne AByx unmn donee tesn no
CpeACcTBOM LUNMHOPUYECKOTO CTEPXHA, TaK Ha3blBAEMOro nasbLa, BCTaBlIEHHOro
B OTBEpPCTUSA B aTUX Tenax. LunnHgpunyeckmn wapHWp NnpensaTcTBYeT nepemeLle
HUIO No NMobomMy HanpasreHuto B nrockoctn XOY. Peakums R HeENnogBMXKHOIO
LUITMHOPUYECKOrO WapHMpa (LWapHUPHO-HENOABUXKHOM OMopbl) NpeacTaBnaeTcs
B BUOE HEN3BE R u R, COCTaBMAKOLLNX , JINHUN OENCTBUA KOTOPbIX
napansienbHbl NN coBnagarT C OCAMU KoopAauHaT (puc. 2.4).

5 [MoanaTtHuk (onopa A puc. 2.5) n cdpepunyecknn wapHup (puc. 2.6). Takon B cBA3u
MOXHO NpeacTaBuUTb B BUOE CTEPXHS, MMEILWEro Ha KoHue cdepuyeckyto
NOBEPXHOCTb, KOTOpPad Kpenutca B OMnope, npeactaBnsoowen cobon 4acTb
chepunyeckon nonoctn. Chepnyeckni LWapHUp NpensaTCTBYET NEPEMELLEHMIO MO
nobdomMy HanpasrieHUIO B MPOCTPAHCTBE, MO3TOMY peakLns ero npeacTaBnsaeTca B
BuOe Tpex coc R, R, R, ¢ napansenbHbIX COOTBETCTBYOLLNUM

KOOpAMHATHbIM OCAM.



Puc. 2.4 AZ 1 Ri. X
Puc.2.5

6 LapHupHo-nogsmkHas ornopa. OTOT BUO CBA3N KOHCTPYKTUBHO BbLIMOMHAETCA B
BUAE UMINHOPUYECKOrO LUApHMPA, KOTOPbIM MOXET cBODOAHO nepemellaTbCcs
BOOSMb NOBEPXHOCTU. Peakuns WapHMPHO-NOOBUMXXHOW OMNOpPbI BCerga HanpasreHa
nepneHauKynspHoO ornopHom nosBepxHocTn (onopa A puc. 2.7).

7 LWapHupHo-HenoasmxHasa onopa. Peakuyma R wapHUPHO-HENoABUMXHOU OMnopbl
NpeacTaBnsaeTCca B BUAE HEU3BECTHbLIX COCTaBNAOLWL R « R, NUHUN
OENCTBUSA KOTOPbLIX NapannenbHbl UK coBnagarT C OCAMU KoopauHat (onopa B
puc. 2.7).

8 HeBecombln cTepeHb (NPAMOSIMHENHBLIN NN KPUBONTMHEWHBLIW), 3aKpensieHHbIN Mo
KOHUaM wWwapHupamn. Peakuusa Takoro CTepXHS aBndeTcs onpenesieHHON U
HanpasrieHa B4OSb JIMHUKU, COEQNHAIOLLEN LIEHTPbI LUapHUPOB (puc. 2.8).

9 XXecTtkas 3agenka. JTO HeObbIYHbIN BWUO CBA3M, TaK Kak KpoMe NpenaTcTBUS
nepemMeweHnto B nrockoctn XOY, xecTkas 3agernika npenaTcTByeT MOBOPOTY
CTEpPXHS (6arnkm) oTHocUTENLHO ToYkM A. [lo3TOMYy peakuusi CBs3UM CBOAUTCS He
TONbKO K peakumn R (R_, Ray), HO U K peakTUBHOMY MOMEHTY Mpa (puc. 2.9).
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Nnockas cucTema cxoasiLLUXCA CUN

Cuncremon cxogsiLLnxcsl Cun HasbIBAaeTCA CUCTEMA CUI, NMUMHUN, JEUCTBUS KOTOPbIX
nepecekarTCAd B OJHOW TO4KeE. 3Ty TOYKY Ha3bIBakOT TOYKOM cXoaa Cun.

Feomepr-leCKMﬁ MeToA4 CINOXeHUsA cun

Teopema. Cucrtema cxXoadaLMXcs cun Ha MNIOCKOCTU 3KBUBareHTHa
PaBHOOEWUCTBYIOLLEW, NPUMOXEHHOW B TOYKE CxOOa U paBHOW reoMeTpuyecKom
CyMME Cu.

[ycTb cuctema cxogsawmxes cun, a Todka O — Touka cxoga (pwuc. 2.10).
[lonb3ysack (7 F3 >R, 'TaTUKW, NpUBE) (%, 7. F,..F)' CUI K TOYKe cxoda, U
~menLet 2SS TeMy CUn TO €CTb MOSlyYmnm ,

(R, F.F. . F)

o Wilal

(R FR)«>R,

ANt WV Il CAS |

(E, R, F, . .F}1<>R.

s

3aTteM 3awvicrnnm n T. O., B UTOre Nosy4mMm ogHy cuny, NnpunoXeHHyto B
Touke O 1O



Puc. 2.10

AHanuUTU4yeckum cnocob HaxoXxaeHusi paBHOAENCTBYIOLLEN

FeomeTqueCKvm cnocob HaXxoXgeHn4d paBHOﬂeﬂCTBmeeﬂ CNCTEMbI CUJT COMpPAXEH
C onpeanesieHHblMn TpyaHOCTAMMN, 0CODEHHO B Clriy4vae OOoNbLUOro Yymcrna cun.
I'I03Tomy npearnoyvTuTesribHeEe aHanNUTNYECKNA MeToa HaXxoXaeHn4d

pakr, 7, 7, . F)ylOLlEn.

[ycTb R xR SUCTEMA CXOAALLMXCA CUMN HA MSIOCKOCTU UMEET paBHO
gencteytowyto . ObosHa . ;. ¥,. %, .. ¥, 7 NPOEeKUUnN TC 5, 7, 7, . F }MCTBYIOLLIEN
Ha OCU CUCTEMbI koopauHat XOY, a yepes NpoeKunmn cus

Ha Te e ocu. VI3 MaTemMaTUKM 3BECTHO, YTO NPOEKLINSA CYMMbl BEKTOPOB Ha KaKyto
— nnbo ocb paBHa anrebpanyeckon cyMMe NpPoeKLMiA cnaraeMblX BEKTOPOB Ha Ty
X€ OCb. .

Tor, R=X,+X,+X,..+X =>'|¥,

-

< (2.2)
R=H+V+F. +¥V =>'V.

-] L




Mopayrnb paBHOOENCTBYIOLLIEN PABEH:

R= R+ (23

Hanpasnmou.me KLULVIRYCDbI BER IUPdA R MUXHU Havi I 11V upmylsidM:

'E’
] R { (2.4)
Cos —'E'.

YcrnoBue paBHOBECUSI CUCTEMbI CXOOSALMXCA CUIT B rEOMETPUYECKON U aHanuTu
Yyeckou popme.

B reometpuyeckon ¢opme: Onsg paBHOBeCUMA CBODOOHOIO TBEPLOro Tena, Haxo
adulerocss nog OencTBUEM MNIOCKOW CXOAsLENCA CUCTEMbI CUIT HEOBXOAUMO U
OOCTaTO4YHO, YTOObI CUITOBOM MHOrOYrofibHUK Oblfm 3aMKHYT (pacCcMOTpUM Ha
NnpUMeEpe Nio (7 7 F_ F) /ACA CUCTEMbI CUJT (pnc. 2.11).




B ananutuyeckon opme: [Ona paBHoBecusi cBoboagHOro TBepAoro Ttena,
Haxoodalwerocs noa OeucTBUMEM TMIFIOCKOW CXOOSWENCss CUCTEMbI CUn
HeobxoAnMOo U 4OCTaTOYHO, YTOObLI CyMMa NPOEKLNM BCEX CUIT HA KaXayto U3

OCeW paBHAMacChb HynHo:
X =0,
% (2.5

SV =0 {

-1



JICKUMNA O

MomMeHT cunbl OTHOCUTESTbHO TOYKMU

PaccmoTtpum cuny F u Touky O, He nexaluyto Ha NUHuM aenctens cunol (puc. 3.1). U3
ToukM O onycTuM nepneHaukynsap Ha NUHUID OEeUCTBMA cunbl. [nuHa 3Toro
neprneHankynspa h HasbiBaeTCs MNeyYom cusibl OTHOCUTENLHO ToYkM O. O4eBMaHO
cuna F BbI30BET BpalleHWe Teria oTHocuTeribHO Todku O. BpaluaTtenbHbin
9(pdpeKT OEeUCTBMA CUMibl Ha Terno MOXHO onpedenutb Kak anredbpavdeckuu

MOMEHT CUJ1bl OTHOCUTEJSL
M (F)=1Fh. (3.1)

MOMEHT cunbl F CYNTAETCH MOSIOXKUTENbLHLIM, €Cnn cuna CTpeEMNTCA MNMOBEPHYTb
NJIOCKOCTb, B KOTOpOVI OHa J1eXuT, NPOTUB HaNpaBJIEHUA AOABUXEHUNA YyacoBou

CTPEnKMU BOKPYr OCW, NeprneHAuKYynAaApHOM 3TOU MIIOCKOCTU U NpoXoadLlen Yepes
Touky O.




MOMEHT curnbl OTHOCUTENbHO OCHU

BpalwatensHbin 9doeKkT 4ENUCTBUA CUMbI HA TENO OTHOCUTENBLHO OCKU OnpeaenseTcs
MOMEHTOM CuUIbl OTHOCUTENbHO OCcU. MOMEHT cunbl OTHOCUTENLHO OCWU
HaxXoOUTCA MHaYye, YEM MOMEHT CUJIbl OTHOCUTESNBHO TOYKM.

Anre6pa|/|qe0|<|/||‘/'| MOMEHT  CuJibl OTHOCUTEJIbHO HeKOTOpOIZ OoCH paBeEH
anre6pa|/1quKomy MOMEHTY MpoeKUunnn Cniibl Ha MIOCKOCTb, NnepneHaukKynAaApHyro
OCWN, OTHOCUTEJIbHO TOYKU NnepeceyHeHns nitoCKOCTn € OCbIO (pI/IC. 3.2).

I'IpaBMno HaXoxgeHnA MOMEeHTa OTHOCUTENIbHO OCuU:
1 Heobxoanmo cnpoeunpoBaTb cuUy F Ha NJIOCKOCTb a NepneHaUKynapHy OCU z.

2 [NogcymTaTtb MOMEHT npoekunn curnbl  r THOCUTESIBHO TOYKK nepecey4eHnd oCh ¢
[
MJIOCKOCTbHO

M (F)y=tFh. (3.2)

MOMEHT curbl OTHOCUTENBHO OCU CHUTAETCHA NONMOXUTENbHbLIM, ECNKU npu B3rMmage C
MOJNIOXKUTENBHOIO HanpaBreHnda ocn Npoekund Cunlz CTpEMUTCA MNMOBEPHYTb
TEJ10 NPOTUB YyacoBOW CTPEJIKN.

AKkcnoma: cuna, naparnersibHad OCU, U CUJla Nnepecekawlad OCb, HE CO3OaloT
BpaLlleHnd OTHOCUTESIbHO 9TOU OCU, TO ECTb MOMEHTbI TaKMX CUN OTHOCUTENBHO
OCW paBHbI HYIHO.
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Puc.32
[Tapon cun HasbiBaeTcAa cuctema OBYX Cl 7 y (puc. 3.3), NPUNTOXEHHbIX K

TBepAoMy Teny, YOOBNeTBOpAKLLasa crieayoLlnm yCroBUAM:
1 JlnHnn gencrteusa cun napansenbHbl.
2 Moagynu cun paBHbl (F = F).
3 HanpasneHua gemncTens cun NnpoTUBOMNOMOXHbI.
[110CKOCTb, Ha KOTOPOW NeXxaT NMUHUN OENCTBUS Mapbl CUM, Ha3blBaeTCS MIMOCKOCTbIO

Aeuctsus napbl. PacctosiHue h Mexay NUHNUAMU OEUCTBUSA CUN & . - 183blBaeTCs
nne4yom napbl. COBOKYMHOCTb Nap, NPUSIOXKEHHbIX K Terny, Ha3biBaeTcs CUCTEMOMU
nap.

[Mapa cun, NpunoXeHHaa K Teny, CTPEMUTCA COODLLNTL eMY HEKOTOPOE BpaLLEHMeE.
BpaliaTtenbHbl 9doeKT napbl Xxapaktepusyerca ee MOMeHTOM. MomeHToM napsl
CWUI Ha3blBaAeTCA Npon3BeaeHne Moayna ogHOM U3 CUi napbl Ha ee nneYyo, B3AToe

CO 3HAKOM «+» TN «—»
M=+ (3.3)



MoOMEHT napbl cHMTaAETCS NONMOXUTENbHbBIM, KOrda napa CTPeMUTCSt NMOBEPHYTb TENO
NPOTMB XO4a 4YacoOBOW CTPEenku, U oTpuuaTernbHbIM - KOrga no Xoay 4acoBOW
CTPENKWN.

Teopema 00 aKBMBANEHTHbLIX napax. [1ee napbl cun, nexaline Ha ogHOM NIOCKOCTU U
nMetoLme paBHble anrebpanyeckme BENMMYNHbI MOMEHTOB, SKBUBASIEHTHbI.
[okasaten (¥, FHu(®, K
[MycTb MF,.Fy=M(F, §"). 1B€ napbl CUI, nexawme B 0gHON NSI0CKOCTU U
NMeEIoLLINE PaBHbIE MOMEHTHI _ [Npogom«kum NUHUM OENCTBUS CUT
nepeceyeHnst Apyr c




[lepeHecem cunbl 7 u 5 Mo NUHUAM OeNCTBUA B TOYKM A 1 B 1 pasnoxum
KaXXOyto N3 HUX Ha cocTaBnaloWwmne. { K F'y «=>{F R' £, E').
A3 NOCTPOEHUA UMEEN F,=F,', F,=F' raxiax K, u F;' =~ HanpasreHbl Mo O4HOWN NPSIMON, TO

F.FE'}.«>0a{K, F'}«=>(F, K.

[okakem 9KBMBaNEHTHOCTb Map (% Rhu(F, F) [lns aTOro noctaTtovyHo
Aol /=F ITO (R, EYu(F, FY paB (&, A" IEHT napbl
YUCIMEHHO (R Y

paBeH yaBOeHHOW nnowaan TpeyronbHka ABC, a MOMeHT napbl —
yOBOEHHOM nniowaan TpeyrosibHuka ABD. Ho nnowagu atmx TpeyrornbHUKOB
PaBHbl, TaK KaK Yy HUX OOLLEE OCHOBAHWE g5 -7 roma¢F, 7Y <=> (F, FYu(R, B <= (F, 7).
BepLwnH C n D, TO eCTb F2h=F 1h ;» HO TaKKak Fh=F h , TO F ,h=Fh, CNe[0BaTENbHO,
CnenctBusi U3 Teopembl 06 9KBUBASIEHTHbLIX Napax:

1 lNapy cun MOXHO NepPeHOCUTb B NO6OE MECTO NMNOCKOCTU €€ AENCTBUS.

2 OencrtBue napbl CUJ1T Ha Te€J10 HE U3SMEHUTCA, €CJIIN USMEHUTb 3HaA4YeHNA MOoAOYyIA
cusbl 1 Nnevya, oCrtaBJidAa BEJIMHNHY MOMEHTA I'IpG)KHeIZ.

3 Mapy cnn MOXXHO NEPEHOCUTL B MIOCKOCTb, NapannenbHy NNoCcKOCTU AEACTBUS.



Teopema o cnoxeHuun nap cun. [Napbl cun, nexatlue B OAHOW NITOCKOCTU MOXHO
cknagbiBaTb. B pesynbrare cnoxeHus nony4aeTcd nexatllas Ha ToM e
MNNOCKOCTU Napa Cuil ¢ MOMEHTOM, paBHbIM anredbpanyeckorn cymme MOMEHTOB

criaraembix nap.

[okas3aTenbCcTBO: (F, EYu(RK, A"

[okaxem ona asyx nap. lNyctb — napbl, nexatlime Ha O4HOW
NITOCKOCTU N UMEKLLME MOMEHTbI M1= F.h n M2= F.h,. Bo3bmeM Npbon3BonbHbIN
oTpe3ok AB=h (puc. 3.5). Ha ocHoBaHuun Teopembl 06 3k (X, E"Yu(F, &',
MOXHO 3aMEHWUTb BBt  _ P4l o _ P4 SKBMBANEHTHBIMI M Napamu

X=N oot i_’ _ " _  Z-"%wuB cunbl B ToUKe A, Monyqmm

F F+F,BTOT-IKUB = R'+R' =R

M=Fh=(F, +F)h=Fh+ Fh=M +M,.

CnpaBegnuneo Ang noboro Ynucna nap:

M. =M+ M, +M =M. (3.4)

=3
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Puc. 3.5
PaBHOBecue pblyara

Pbidarom HasbiBaeTca TBepaoe Tesio, Bpaliarolleecd BOKPYr HenogBUXHOW OCU Y
HaxopgsLlleecs nog AeNCTBUEM CUJ, NieXallmx B NSIOCKOCTM neprneHauKynsapHon K
aToM ocn. Ecnn Ha pblyar gencTeByeT cxoasllascs cuctema cus, To paBHoBecue
pbldara gocTuraeTcd, Korga nUHUA OEeUCTBUS pPaBHOLEWCTBYHOLLEN NpOXoauT

yepes Touky O (puc. 3.6), a anrebpandeckasi CyMMa MOMEHTOB MPUITOXKEHHbIX K
HEMY CUIT OTHOCUTENbHO TO4YKM O NARHA HVMHY:

R, -Fh =0,

Fih, = Fh, (35)
B _h

R o

PaCCMOTpMM Cnyqam, Korﬂ'a H‘CA '.JIJI'ICAI HUVIUIDyUI wrviviuvivida IICA'.JCAJ IJleanbIX CI/I”,
nexatumnx B o4HOM nrockocTu. MNpunoxeHHas K pbldary cuctemMa naparnsesibHbIX
CUIT MOXET BbITb NpMBELEHA UNW K OQHOW paBHOLEWCTBYIOLLEN, UK K NMape.



Puc. 3.6 Pwuc. 3.7

3

Cnoxum Bce cunbl, HanpaBleHHbIe BBepE o Z
jml

E
»
M BHN3: — — , COOTBETCTBEHHO.
R=YF
I |

Hauntu ToukM NnpunoXXeHnsa paBHOLENCTBYOLWLMX MOXHO N0 doopmyriam

> Fx

" (3.6)




B utore BO3MOXHbi! TPW Criyvas:

1) 7.7 , Torga cuctema CBOAUTCA K O4HOWN paBHOO4ENCTBYIOLLIEWN.
2) R=R' - CUCTEMA He MMEET paBHOOENCTBYIOLLEN U CBOAUTCA K nape cun.
3) R=R' , U OHN HanpaereHbl N0 OAHOM NMPAMOW, Torda cUcTemMa npeacraBnsaeT

coOoW ypaBHOBELLIEHHYIO CUCTEMY CUI.

Ecnn cuctema napannenbHbIX CUM, NPUMNOXKEHHas K pbldary, CBOAUTCS K nape, To
paBHOBECUS pblyara ObITb HE MOXET, Tak Kak peakuus wapHupa O (puc. 3.7) He
MOXET ypaBHOBECUTb Mapy. To ecTb, NPXU PaBHOBECUM pblYara NPUNOXeHHas K
HEMY cucTemMa napannenbHbiX CUM NPUBOAUTCS K PaBHOOEWCTBYHOLLEN cune,
npoxoasiLuen Yepes HeNoaABMXKHYO TOYKY pblyara.

I'IpowsBoanaﬂ NIOCKaA CUCTeMa CUi

Ilemma lNyaHco. [lenctBue cunbl Ha TBepAoOe TeNo He U3MEHUTCH, eCnu NnepeHecTr
9Ty cuny napannenibHoO CBOeMy nepBoHa4vyaribHOMY MOMOXEHMIO B MOOYI0 TOYKY
Tena, NPUNOXMB NPU 3TOM K TENy napy ¢ MOMEHTOM, paBHbIM MOMEHTY UCXOL4HOM
CUIbl OTHOCUTENBLHO 3TOW TOYKMN.

[lokasaTtenbcTBo: [lycTb cnna F npunoXkeHa K Teny B HEKOTOPOU ero Todke A (puc.
3.8). Npunoxum B npomnssonbHON Tovke O napannenbHO HarnpaBneHUo NIMHUK

pencTeus cunbl F ., mo bl , PaBHble NO MoOAYso cune wu
HanpaBneHHblE B NpPOTNBOMONIOXHbIE CTOPOHbL. [ % 7 7w <= 7 3Ma CUN
OTYy CUCTEMY CUJT MOXHO CYMTaTb COCTOSLWEN W3 CUMbl , MOSTy4YEHHOWN
napanneribHbIM nepeHocoMm cunbl ¢z, 7.y O, 1 napsbl Ha3blBaeMoW

NpPUCOEaNHEHHON Napon C MOMEHTOM, paBHbIM MOMEHTY CUSbl F OTHOCUTENBHO
Toukm O.
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Pwuc. 3.8 Pwuc. 3.9

NMpuBeaeHne NPoON3BONILHON NSIOCKOW CUCTEMbI CUJT K TOUKEe (OCHOBHaA
Teopema CTaTUKK A5 NPOU3BOSIbHOMU NJSIOCKOU CUCTEMbI CUI)

Paccmotpum Ha noumepe Tpex cun. [lyctb Kk Teny B Todkax A, B, C npunoxeHa

nnockas cucif. . 7 | { } (puc. 3.9). Boibepem nponssosbHyo Touky O,
nepet ¥, ., F. lee cunbl CornacHo nemme lyaHco r 7' 7', F'
CXOAOALWYICA (F, B\ .(F, FE".(F, E*y } WU cUCTeMy nap G
MOMEE’ E’ ‘F; '1, lVlZ, IV13, rlul.!l 111IVIVI IV1OMeHTaM
cun R, F, F )THOCWTENbHO TOYKK O.
I . . - o o (@, NosTy4Ynm:
R=R4+FE+E'=FH+F+F. (3.7)
§0
BekTop , PaBHbIV FEOMETPUYHECKON CYMME CUIT CUCTEMbI, Ha3blBaETCA MMaBHbIM

BEKTOPOM JaHHOW CUCTEMbI CUT.
Terlnnk COANYIAN OANKI ciAn R nDQ\II’IL\TaTe nonyl..”/'M napy Cl/”" C MOMeHTOM
M, =M, + M, +M,. (3.8)

Mo - paBeH anrebpanmdeckol CymMMe MOMEHTOB CWUIT M Ha3blBAeTCsA [MNaBHbIM
MOMEHTOM CUCTEMbI CUT OTHOCUTENbHO TOYKM.



Teopema BapuHboHa. Ecnu cuctema cum npuBoguUTCA K paBHOOEWCTBYHOLLEN, TO
MOMEHT pPaBHOAEWUCTBYIOLLEN OTHOCUTENBHO JIIOOOWM TOYKM pPaBEH CyMMe

MOMEHTOB BCEX CUIT CUCTEMbI OTHOCUTENBHO TOW XKE TOYKMN.

J[loka3zaTtenbCTBO:

[lycTb cuctema cu{K'. E'. E'} nMeeT paBHOLEUCTBYIOLLYIO (puc. 3.10),
NPUIOXEHHYI0O B HekoTopou Todke O, mrockoctu nencTsusi cun. lepeHecem
BEKTOP B TOYKy O, npu aToM cornacHo nemme lNMyanc (R X' ogumo gobaButb napy
c momeHToM M =M( R). Ho M - rmaBHbIi MOMEHT CUCTEMbI CUIT OTHOCUTENBHO
To4Ykn O, KOTOPbIN paBeH anrebpanyeckon cymme MOMEHTOB BCEX CUJT CUCTEMbI

_ >HO 3TOU TOYKMU:
M, =SMF).

ME)=SMF).
CnepoBaTenbHO =

R
01 /

_ R
yi
O

Pwuc. 3.10



CneactBusi U3 TEOPEMBI:
1. [NMaBHbIA BEKTOLE'  HE U3MEHUTCS NPU N3MEHEHUN LIEHTPa NpuUBeaEHUS.

2. [MaBHbI MOMEHT NpY NEPEMEHE LieHTpa NPpUBeaeHUst U3AMEHUTCS Ha BENUYNHY
MOMEH & Unbl , TPUNOXeHHon B Touke O, OTHOCUTENbHO HOBOTO LIEHTpA.

YcnoBusi paBHOBeCuUA

CBoboagHoe TBEpPAOE TENO NOA4 AENCTBMEM NPOU3BOSIBHOM MNITOCKON CUCTEMBI CUI
HaxoOUTCHA B paBHOBECUW, ECNU MMaBHbIN BEKTOP U rMaBHbIN MOMEHT 3TOW CUCTEMBI

OTHOCUTEMBHO 060N ToYk F* 1aBHbI HYIHO: =0, A ' ). Pasnoxum Mo ocaMm
S F.=0
S F =0 (3.9)
SUM(F )=0

Yenorume narRHORACUS NAG NINOUIROMLHOW I'IpOCTpaHCTBeHHOIZ CNCTEMbI CUIT:
3 B,

T F =0,
S F =0,
M (F)=0,
M (F)=0,
SM (F)=0.

{(3.10)




Nlekuusn 4

KuHemaTuka

B KnHemaTuke n3yyaeTcs OBWXeHWe MaTepuarnbHbIX Tesl B MPOCTPaHCTBE C reo
METPUYECKON TOUKN 3peHUs], be3 yueTa cun, onpeaensaioLmnx 3To ABUXKEHME,

Bcsakoe aoBukeHne Ten coBepluaeTcs B NPOCTPAHCTBE U BO BPEMEHMW. [1BMXKEHME Ten B
NPOCTPaHCTBE paccMaTpuBaETCs OTHOCUTESTbHO BbIOpaHHOW CUCTEMbI KOOPAUHAT,
KOTopasi B CBOK O4epeab CBsi3aHa C KakMM-nmbo Tenom, HasbiBaeMbIM TENOM OT
cyeta. Teno oTcyeTa U CBSA3aHHasi C HMM CUCTeEMa KOOpAMHAT Ha3biBaOTCS
cucrtemon otcdeta. [lpoCTpaHCTBO B MEXaHMKe paccMmaTpuBaeTca Kak
TpexmepHoe. 3a eauHULY ANnHbI NPU N3MePEHNN PACCTOSHUU MPUHUMAETCH METP.
Bpema B MexaHuMKe cuUYMTaeTca YHuMBepcCalnbHbIM, TO €CTb NpOTeKarLnM
OOWHAKOBO BO BCEX CUCTeEMax oOTcyeTa. 3a eduHULy BPeMEHU MPUHUMAETCS
CeKkyHaa.

KnHemaTunka To4ku

HenpepblBHaa KpuBas, onucbiBaemMasi AOBWXKYLLEWCSA TOYKOM B MPOCTPAHCTBE,
Ha3blBAE€TCSH TPAEKTOPUEN TOYKMN.

CnocoObl 3aaaHuA ABMKEHUA TOUKU

3agaTtb OBMXKEHME TOYKM — 3HAYUT 3a4aTb ee MNofoXeHNne OTHOCUTENBbHO HEKOTOPOU
CUCTEMBI OTCYETA B NIOOON MOMEHT BPEMEHMN.

EcTtecTBeHHbIN criocob 3agaHnsa ABUMXEHNS TOYKK (puc. 4.1). 3agaTb ABMXKEHNE TOYKK
€CTEeCTBEHHbLIM 0Dpa3oM — 3HAYNT:

a) 3agaTb TPAEKTOPUIO ABMXKEHUS TOYKN B HEKOTOPOW CUCTEME OTCYETa;

0) Ha TpaekTopuu BblOpaTb Hayano O M NONOXUTENbHOE HanpaBneHue oTcyeTa
paccToaHnm S=0M;



Puc. 4.1
B) yKa3aTb 3aKOH ABWMXEHUA TOYKU S=f(t), a TaKKe Ha4yano oTtc4yeTa BpeMEHM t,.
PyHKUUMA S=f(t) LOMKHa ObITb OAHO3HAYHOW, HEMpPepbIBHOM, AnddepeHUnpyeMON.

3aKOH [OBWXEHUSA TOYKM MOXET ObITb 3agaH rpauyecku: KpuBOW, OTpaXKarolleu
3aBUCUMOCTb S OT t. OTO rpadpunyeckoe n3obpakeHne 3akoHa OBMKEHUS TOYKU
Ha3bIBalOT rpaPuUKoOM OBMKEHNA TOUKM.

Ha puc. 4.1 T - ocb, KacaTenbHas K TpaekTopun ABWKEHUSI TOYKWN, HanpaBrieHHas B
CTOPOHY MOSNOXUTENbHOIO OTCYETA PACCTOSAHUSA S; N — HOPMarb K TpaekTopun B
)KEHNS TOYKM, HanpaBneHHasi B CTOPOHY BOrHYTOCTU TpaekTopun, b — GBuHopmans,
nepneHaukynspHa K nepebiM ABYM Tak, YToObl OHa obpasoBana ¢ HAMKU NPaBYHo
TPOWKY. QTN OCK Ha3bIBAOTCA €CTECTBEHHbLIMUN OCSIMM.

KoopaunHaTHbIn criocod. NonokeHne TOYKN B NPOCTPAHCTBE TPEX N3MEPEHUN MOXKHO
OOHO3HA4YHO ornpeaennuTb, 3adaB TPU €e KOOpAMHAaTbl B HEKOTOPOW CUCTEME
oTcyeTa. 3agaTb [OBWXEHME TOYKM B KOOpAMHATHOM (bOpMEe — 3Ha4uT 3adaTb

KOopAuHaTbl 3TOM TOYKU Kak PYHKUMK BpeMeHu: x=f(t), y=f(t), z=f(t). 3T ypaBHe
HUA Ha3biBaOTCA YPaBHEHNAMU OBUKEHUSA TOUKN.



CKOpPOCTb TOUYKMU

rlyCTb ABMXEHNE TOYHKU 3aaHO €CTeCTBEHHbIM CI'IOCO6OM, N NyCctb B HeKOTOprI7|
MOMEHT BpPEMEeHM t TOYKa 3aHuMMara Ha TPpaeKTopunm norioXKeHune M, a B

HEKOTOpbIN MOMEHT BpemeHu t. - nojffHne M, (puc. 4.2). Bektop
Ha3blBAeTCH BEKTOPOM Rl 2
nepemMeLleHns TOYKM 3a MPOMEXYTOK BPEMEHMU: . OTHOWweHNe BeKTOpa

nepemMeweHnd K TrpoMexyTKy BpeMeEHU, 3a KOTOprI7I nPon3oLo 3TO

s e IOM Cpe,El,Heﬁ CKOPOCTU TOYKWN 3a MNMPOMEXYTOK
_ 4,
v= @.1)

DI\II"I'I\V'\I\I\A lalliaNaVaVat V| ™ TMALIIrMN ™ RAARANALIT nr\quHM t Ha3b|BaeTCg I—Ipeﬂen BeKTopa

-, . MM, dY 2XKYyTKa At K HynH
=] L= — 4. ’
PEE TR T a (4.9

To ecTb CKOPOCTb MaTepMaanon TOHKMU MNPpU ABUWXEHNUN 1O I'IpOI/ISBOJ'IbHOI7|

KPUBOMMHEWHON TpaekTof M. 5 10 KacaTenbHOW K TpaeKkTopuuM B
CTOPOHY ABWKEHUS. v

M



Ecnn gBmxeHne TOYKM 3a0aHO KOOPAWHATHbIM CMOcobOM, M ABMXKYLLAACS TO4YKa B
MOMEHT BPEMEHM t 3aHMmarna nonoxexve M (x, y, z), @ B MOMEHT BpeMeHu t, —

nonoxexHue M, (x+Ax, y+Ay, z+Az), TO BEKTOP CPs,, _ MM, ;xopocTu MmeeT
> [E by %J.aTH b dx dy dz
I i bt
, @ BEKTOp CKOPOCTV B MOMEHT BPE | _dx ~_& , _d Thbl
[MpoeKkunn BEKTOpa CKOPOCTU Ha OCU KOOpAUHA'. . & 2 &
v=Jv’+v’+v3, (4.3)
KocuHychbl yrnos, ¢ S v vy OPOCTM C OCAMU KOOpAUHAT, MOXXHO HaUTU
cose = —, =—,cosy=—.
N3 COOTHOLLEH! v v v

YCKOpeHMe TOUYKHU

BennunHy, onpenensioLuyto N3MeHeHne BEKTOpa CKOPOCTU TOYKM B 3aBUCMMOCTM OT
BPEMEHW, HAa3bIBaOT YCKOPEHMEM TOYKMU.

[TyCcTb ABMXKEHME TOYKM 3adaHO €CTECTBEHHbIM cnocobom (puc. 4.3), a TpaekTopuen
OBWXXEHUA TOYKU ABMAETCA Ayra OKPY>XXHOCTW. [1onyCTUM, YTO B HEKOTOPbIM MOMEHT
BPEMEHMU t ToYKa 3aHMmMarna nonoxeHne M Ha TpaekTopum n nmena cKopocCTb v, a B
MOMEHT BpeMeHu t =t + At — nonoxeHne M, 1 ckopocTb v,. [epeHecem BekTop B

Tnukvy M 1 nocTNAMM RAKTAN:

NL=M =P,-V . (4.4)



Bektop Av HasbiBaeTCsi BEKTOPOM MpupalleHus ckopocTu. k., top paBeH
OTHOLLEHMIO NpupaLleHns ckopoctn Av K COOTBETCTBYIOLLEMY MPUPALLEHUIO

~i~nAana~Asa AL

s A
Ap
Z Puc. 4.3
¥
BeKTOpOM YCKOPEHUNA TOYKM B MOMEHT BPEMEHU t HAa3bIBAETCHA NMpeaern BeKTopa
c "E;’ T T TN CTpeMIieHni npomMeXXyTka BpeMeHU At K HYIHO.
a=1lim= (4.6)
b0 fy
v > iy v
OT To4kn M OTNOXUM NO NNHUN ,D,el.‘j BUA BEKTOPa BEKTOP , PaBHbIN MO
45 = NE+ XL (4.7)
- Ay RNE+XL __RNR . KI
) el e U S



Boiuncnium nepsbin npenen. Ona SToro BBeLEM Ha KacaTenbHOW K TpaekTopuu
OBWXKEHUA TOYKKM B TOUKe M equHU' T bi BEKTOP

NE =NEKT=(MK-V)T=(wy -v )T =4Av T, (4.9)
rAe Av_— npupaLLeHne anreopanyeckon BENMUMHbI CKOPOCTH.

o vy s MPae s @V

lu_;%NK=£1g}mr=a]rr=a,. (4.10)

a, - TaHreHuuanbHoe (KacaTterbHOEe) YCKOpEeHMe TO4YKW, XapaKTepusylulee
N3MeHeHune anrebpanyeckom BENUYNHLI BEKTOPA CKOPOCTH.

BTopou npeaen

KL v
=2 = =7 4.

lig =~ == =2 @.11)

BekTop = 7,  HanpasreH nepneHauKynsipHo KacaTernbHOW K TPaeKTopUK ABMKEHUS
TO‘-IKvn, r1pu4eM B CTOPOHY €e BOFHyTOCTI/I o 'KTOp HOCUT Ha3BaHue

HOPMAarbHOTO YCKOPEHUS! TOYKM M XapaKiepuayeT W3MEHEHWe HampasneHus
BEKTOpa CKOpOCTW. BBegem Ha HopManu €AMHWYHBI BEKTOP n U 3anullem
cdbopmMyny Anst NONHOIO YCKOPEHUS TOYKM

G=a +a =%f+%ﬁ. (4.12)



Moayrnb 1 HanpaensaoLLne KOCUHYCbI NMOSMHOMo YCKOPEeHUs HanayTca no goopmyram:

a=ﬁfa_f+ar2 , (4.13)

(5
oSt = —,

a (4.14)
cos,8=a—,

(7

rae a - yron mMexnay HanpasrieHMEM BeEKTOpa MONHOrO YCKOPEHUst U eANHUYHOrO
BeKTopa 7, B - Yyron mMexay HarnpaBreHMemM BeKTopa MONHOrMo YCKOPEHUs W
eJMHNYHOro BEKTOpPA n.



JNlekumna 5

Buabl ABUXXEHUSA TOYKM B 3aBUCUMOCTHU OT YCKOpeHus

[MpsimonuHenHoe aBmxeHne. B 3aToM crny4vae TpaekTopust ABMKEHUA TOYKU — NpsiMas,
npuyeM TOYKa OBWXKETCSA BOOMb 3TOM NpsSMOM B OQHOM HanpasneHun. Pagunyc
KOUBM3HbI MpAMOM R paBeH OECKOHEYHOCTM (NPSIMYKD MOXHO cyuTaTb
OKPY>XHOCTb0 BECKOHEYHO BOSbLLIOIo p;%:oa). Torga , NO3TOMY
MOXET U3MEHSATLCA TOMbKO anrebpanyeckasi BennymHa CKOPOCTU TOYKWU. IDTO
N3MEHEHWNE MOSTHOCTbIO XapaKTEePUIYETCA Ka =, =%3HbIM YCKOPEHNEM

PaBHOMEpPHOE KPUBOMMHENHOE ABMXEHMEe. Tak Kak npy paBHOMEDHOM OBMXEHUU
d

TOYKM MOAOYNb CKOPOCTU OCTaeTCs MOCTOSAHHbIM, TO €CTb a,=dfz=075t, Torga

BekTop MOMHOrO YCKOPEHWS a, crnegoBaTenbHO, HanpaBneH Mo naBHON

HOpMarnu B CTOPOHY BOrHYTOCTU, MOAYMb MOJ, -, - ﬁ:KnneHzl/lq naBeH
PaBHOMepHOE NpAMONIMHEUHOE OABMXEHME. B 3TOM Cﬂiqa% = % =0 ba, =2 -

a 3Ha4nT a = 0. EQMHCTBEHHBIN BN OBUXXEHUS, B KOTOPOM YCKOPEHUE TOYKN BCE

BPEMS OCTAETCS PaBHbIM HYIIO, - pPABHOMEPHOE MPAMOSIMHEVHOE ABUXKEHME.

PaBHonepemMeHHoe KpuBONMHENHOE ABMXeHne. PaBHONepeMeHHbLIM Ha3blBaeTCs
Takoe KPUBOSIMHENHOE OBUKEHUE TOYKM, NPU KOTOPOM KacaTenbHOEe YCKOpPEHME
OCTa€eTCs BCE BPEMS BeﬂVI‘-IVIHCa,=%=consﬁ-IHOl7I: . Ecrin npu
pPaBHOMEPHOM KPUBOSTMHEMHOM OBWMXEHUM TOYKN MOAYIb CKOPOCTU BO3paCTaET,

TO [OBWXEHUE  Ha3blBa€TCA pPaBHOYCKOPEHHbIM, a €eClln y6bIBaeT -
paBHO3aMeOJIEHHbLIM.



KnHemaTtuka gBmnxeHusA TBepAaoro tena

I'IpM NPOn3BOJSIbHOM OBUXEHUN TBEPOOIro TeJla OoTAesIbHbIE €0 TOYKUN OABUXYTCA MO
pa3yiniHbIM TpaeKkTopndadmMm n MMEKT B KaXXgbl MOMEHT BPpEMEHUN pPa3rinvHbl€ CKO
POCTN WU YCKOPEHUA. OCHOBHbIMX 3aJa4amMn KMHEMAaTUKN TBEPOOIo TeEesla

ABNSATCS:
a)yCTaHOBNeHWe crocoba 3agaHuns OBUMXXEHUS TeENa;
0) n3ydeHne KUHEMaTUYECKNX XapaKTEPUCTUK OBUKEHUS;
C) onpeneneHne TPaeKkToOpuK, CKOPOCTEU U YCKOPEHMW BCEX TOYEK OBUXYLLETOCS
Tena.
NMocTynaTtenoHOe ABMXXeHUe TBepaoro tena
[TocTynarenibHbIM OBMKEHMEM TBEPAOro Tena HasblBAETCHA TaKOe ABWKEHUE, Mpu

KOTOPOM OTPE30K MNPAMOWN, COEOUHSAIOLWMA [OBE MPOU3BONbHbLIE TOYKM Tena,
OCTaeTcsi BO BpeMsi ABWKEHUSA MnapanfenbHbiM CBOEMY MNepBOHa4YanbHOMY

NOJTIOXKEHUIO.

OcHoBHa#s TeopemMa noctynartesribHoro ABM>XeHu4. I'IpM noctynaresibHOM ABUXEHUN
TBEPOOIo TeJ1a BCE €ro TOYKU OINMUCbIBAOT KOHIPY3HTHbIE TPAEKTOPUN U NMEIOT B
KaXXObl MOMEHT BpeEMEHUN OANHAKOBbIE MO MOAYJTHO N HalpaBJIEHNIO CKOPOCTUN U

YCKOPEHUS.

J[loka3aTtenbCTBO:

[TycTb TBEPAOE TENMO, COBEpPLUAOLLIEE ABUXKEHNE OTHOCUTENBHO HEKOTOPOW CUCTEMBI
KoopauHaT, 3aHUMaeT B MOMEHT BPEMEHMW t MOMNOXeHWe |, B MOMEHT t -
nonoxeHue |, B MOMEHT t, — nonoxexue Il n 1. a. (puc. 5.1). Boibepem B Tene ase
NPOWN3BOSbHbIE TOYKMN A 1~ Bu NOCTPOMM BEKTOP .



Puc. 5.1

ObGosHaunm vepes A, B, n A,, B, nonoxeHus, kotopble 3aHumatoT Toukn A 1 B B
MOMEHTbI BPEMEHWU t, U t, COOTBETCTBEHHO. [innHa BekTopa AB kak pacctosiHue
MeXay Toudkamum abCcontoTHO TBEpAOoro Tena, noctosiHHa. HanpaeneHue AB He
N3MEHSAETCH B CUIy TOro, YTO Teno ABUMXKETCH nocTtynaTternbHo. B atom crniyyae
TpaeKToputo ToukM B MOXHO nony4duTb napannenbHbiM nepeHocoM Ha Bektop AB
Tpaektopumn Touku A. CrneposatensHo, kpueble BB B, n AA A, npy HanoxeHuu

COBMajawT. 75u 4R A4=EE,
Tak Kak BEKTOpbI paBHbl, OyAYyT paBHbI I; -, _; 3LLeHnsa To4ek A n B, To ecTb
A4 _ B3, 3ceM 9TU NepemMeLLEeHNs K OTPE3KY BPeEMEHU , 32 KOTOPbIA OHU

& ovsoLnm
V. =V =V, (5.1) 3€ K npedeny npu At—0, nony4um B

L17 ) HIT - 1BVIVI G UlIpedel IeHVIEVI CRUPULUL TN IOL|K|/|,

roe — ckopocTn Tovek A n B.

Toukn A n B BblbpaHbl NPOW3BONLHO, criegoBaTeNbLHO MPU MNOCTynaTenbHOM
OBWXXEHUN TBEPOOro Tefia BEKTOPbl CKOPOCTEN BCEX €ro TOYeK B AaHHbIN MOMEHT

BPEMEHW paBHbI APYr APYrY.



Tak kak paBeHCTBO (5.1) mMeeT MecTo B IbOM MOM 7 ()=v.()=v1 ., TO

. AndpdepeHunpys (5.1) No t NOAYYN s _ dvs _ &7 , Unn
dt di  dt

7, =d, =7 (5.2)

B cuny npousBonbHOCTU BbIOOpa Todek A u B n3 paseHcTtBa (5.2) cnegyet, 4To
BEKTOPbl YCKOPEHUA BCEX TOYEeK MOoCTynaTeribHO ABWXYLLErocs TBepaoro tena
paBHbl MexXay coboun.

CnenctBust U3 TEOPEMBI:

a) noctynaTtenbHOe ABWXEHMWE TBEpAoro Tena BMNOfHe onpedeneHo ABUMKEHUEM
OJHOW N3 ero TOYeK;

6) ecnn CKOPOCTb MOCTYNaTENbHOIO ABMXEHUSA NOCTOSIHHA (v = const), TO BCE TOYKU
Terna coBepLUatoT NPSAMONMHENHOE N PaBHOMEPHOE ABUMKEHME.

BpallueHue TBepaoro Tesnia BOKpPYr HenogBMXXHOW ocu

BpawiarernbHbIM OBUMXEHMEM TBEPAOro Tena Ha3blBaeTCs ABWMKEHME, MPU KOTOPOM
ase ero Toukn A u B octatoTcs HenoaBwXHbIMW. Tak Kak Terio abcosnoTHO TBEPAOE,
TO BMecTe ¢ Todkamu A n B OyayT HenogBuKHbI BCe TOYKW, Nexalime Ha NpsMon
AB. 31a npsimaa HasblBaeTcA OCbl BpawleHust (puc. 5.2). Bce Toukm Tena npwu
BpallaTenbHOM [OBWXEHUW OMUCbIBAKOT AOYrM OKPYXXHOCTEN C LEeHTpamMu B
OCHOBaHUAX MNepneHOuKynsapoB, OMyLUEeHHbIX U3 3TUX TOYEK Ha OCb BpallUeHuA.
[lpoBeoem 4yepe3 oOCb BpalleHUA OBe MNOnynrocKOCTW, OOHY W3 KOTOPbIX
3adpukcmpyem, a Opyryro cesxem c Terniom. [IByrpaHHbI yron ¢, yros nosopoTa,
MeXay 9TUMKM NOnynsIoCKOCTAMU BydeT O4HO3HA4YHO ONpenensATb MOoNoXeHue
Tena. 3agaBasl 3HadeHue yrna ¢ B Kaxgblh MOMEHT BPEMEHU t, MOXXHO TEM CaMbIM
onpeaenuTb rnonoXxeHue Terna anga noboro t.



YpaBHeHue

@ =1 (5.3)

HOCWUT Ha3BaHMe 3aKOHa BpallaTenbHOro aAsmxeHna tena. PyHkums (5.3)
npeanonaraeTcs Asaxabl A depeHUnpyemMon.

[ MaBHbIMU KUHEMATUYECKUMWN XapaKTEPUCTUKAMM BpaLLaTENbLHOro ABMXKEHUS Tena
OyayT yrnoBasi ckopocTb w (C!) n yrnoBoe yckopeHue € (c2).

[TyCTb 32 HEKOTOPbLIN NPOMEXYTOK BPEMEHU,, _,, _,  yron ¢ nony4uT Npupawle, ;=
BennynHa HasblBaeTcd cpefHen yrinoBow CKOpPOCThLIO Tena. [peaen, K KoTopomy
CTPEMUTCS CpeHAda yrnoBas CKOpOCTb Npu At—0, Ha3bIBaeTCS YrioBOW CKOPOCTbLHO
Tena B JaHHbIN MOMEHT BPEMEHMN t.

m=1in%%=d—f. (5.4)
L= a
Ecnn Teno cosepluiaeT BpallaTenbHOEe ABWMKEHME MO MPOU3BOSIbHOMY 3aKOHY, TO

yrnoBasi CKOPOCTb ABMNSAETCA PYHKUNE & = f(s). HU:

[TycTb 3@ HEKOTOPbLIN MPOMEXYTOK BPpEMEHM  44=4-4  yrrioBas CKOPOCTb Noryyuna
npupawiexwne , . BennunHa . _2% HasblBaeTcHA CpegHUM YrI10BbIM
— 1 o

YCKOpPEHUEM. Flpep,en K KOTOPOMY CTPEMMUILA U ‘*penHee yCcKopeHune npu At— 0,
Ha3blBaETCH YrNOBbIM YCKOPEHMEM B JAHHbLIN MOMEHT BPEMEHM t.

c-—lxmﬁm da _d'y
Tame At @t g

(5.5)



; /)
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Puc. 5.2 Pwuc. 5.3

CBA3b YrnoBbIX XapakKTepMUCTUK BpallaloLerocsi TBepaoro tena ¢ JIMHeMHbIMMU
KMHEeMaTU4YeCKUMMU XapaKTepucTuKkaMmm Bpallaroulerocs Tena

Kak yxxe oTmeyarnocb, Tpaektopuen nobon toukn M Bpallatowerocs Tena siBnseTcs
ayra OKpPYXHOCTW, nexalliasi B MNOCKOCTU NeprneHauKynapHOM OCU BpaLlleHus.
Paguyc aTOM OKPYXXHOCTW paBeH PacCTOAHMIO OT TOYKM OO0 ocu. PaccmoTpum
TPaeKkTopuo OBUXeHNA HeKoTopou Todknm M Tena, Bpaluatowerocss BOKpyr ocu,

nepneHauKynspHoOU NNOCKOCTU PUCYHKA U NPOXoasLlen Yepes LEeHTP OKPY>XXHOCTU
(puc. 5.3).

Ecnu otcumntbiBaTh Ayrosyto koopamHaTy s Touku M ot ee HavarnbHoro nonoxeHus M
B HaMpaBleHUN | yq - rory. MA YINa @, TO 3aKOH OBWKeHus Toukm M no ayre

OKPY>XXHOCTM ByoeTr umeTtb BUA . B aTtom cnyyae anrebpaundeckoe
i =£(R¢?)=Rd—¢? =Ra. (5.6) opmyrne:
dt  at dat

Haimmnam vcvanaumne toygky M:
v, _ v

A= +4 =—7T+—"N.
) & R



[MpoanddepeHumnpoBaB (5.6) N0 BpeMeHW, onpeaenum anrebpanyeckyto BENIMYNHY
KacaTenbHOro yCKOpPeHUS::

av a‘y da
s @anpd B
Do T T g ar

- Re. (5.7

HopmanbHoe yckopeHue nonyyum, noactaenss (5.6) B BbipaXkeHue Ans HopMarnbHOro

a L =a'R. (5.8)
R R
CnepnoBaTternbHO, AN BEKTOPa YCKOPEHUS UMEEeM:
a=ReT+w’ Fa. (5.9)

[Ona moaoynsa yckopeHust Todkm M nmeem cpopmyny:

a=+Re'+Ra* =Rje +at. (5.10)

N3 BbipaxeHun (5.6) n (5.10) cnegyetr, YTO JIMHEWHbIE KUHEMATUYeCKMe
XapaKkTEPUCTUKN TOYEK 3aBUCAT OT YINOBbIX XapaKTepUCTUK BpallaroLlerocsd
TBEPOAOro Tena, a Ko9dh(PUUMEHTOM MPONOPLMNOHANLHOCTU SABMSAETCA paguyc
BpaLLeHuS.

ChnoxHoe aABUXeHue TOUKMU

[10 cnx nop OBWXEHWE TOYKM paccMaTpuBariocb MO OTHOLUEHWUKD K HENOABUXKHOW
CUCTEME KOOpAWHAT, HO B pade criydaeB uenecoobpasHo mayvaTtb OBMKEHUE
TOYKM OOHOBPEMEHHO B ABYX CUCTEMax OTCYETA, U3 KOTOPbIX OAdHa siBNAeTCd
HENnoABWXXHOW, a Apyrasa - NOABMXHOW, cOBepLUatoWwen onpeaenéHHbiM obpasom
OBWXEHNE OTHOCUTENBbHO NepBoun. LABMXeHne TOYKM, B 9TOM Crlyyae, HasbliBaloT
CIOXXHbIM.



Ha puc. 5.4 nsaobpaxeHbl ABE CUCTEMbI KOOPANHAT: HENMoABMXKHasA Oxyz 1 NOABMKHaS
O,x,Y,2Z,. [BmxeHne, coBepwaemoe TodkoM M Mo OTHOLWEHMIO K MNOABWMXHOW
cucteme koopamHar O x.y,z, Ha3blBAETCS OTHOCUTENbHbLIM ABUXKEHVEM.

[BuxkeHve noABMXHOW CUCTEMbI OTCHeTa O X Y.z, ¥ BCEX TOYEK MPOCTPAHCTBA C HEW
CBSI3aHHbIX MO OTHOLUEHUKD K HenoaBMXHOM cucteme Oxyz HasblBaeTcsd
NnepeHoCHbIM OBWXeHuneM. [smxeHne Toudkm M OTHOCUTENLHO HEenoaBUXXHOW
cuctembl KoopaunHat Oxyz HasbliBaeTcsl abcontoTHbiM. CKopocTb Todkn M no
OTHOLLUEHMIO K HENOOBWMXHOW CUCTEME KOOpAMHAT Ha3blBaeTca abCcontoTHOW
CKOPOCTbIO TOYKM.

CKOpOCTb TOYkKM M NO OTHOLUEHMIO K MOOBUMXHOW CUCTEME KOOpAMHAT Ha3blBa€TCAH
OTHOCUTENBHOW CKOPOCTbH TOYKMN.

[MlepeHOCHOM cCKOpOCTbIO TOYKM M HasblBAeTCA CKOPOCTb MNOABWMXKHOW CUCTEMDI
OTHOCUTENbLHO HEMOABWXHOW, B KOTOPOW B AAHHbIMN MOMEHT BPEMEHN HAXOOAUTCS
OBuxyLascs Touka M.

P4

Puc.54



Teopema 0 CKOPOCTU TOYKU B CITOXKHOM ABWKEHUN.

Bektop abCOMOTHOM CKOPOCTM TOYKM B AaHHbIA MOMEHT BPEMEHW paBeEH
reoMeTpPUYECKON CyMMe BEKTOPOB OTHOCUTESTIbHOM N NEPEHOCHOM CKOPOCTEN B TOT
X€ MOMEHT BPEMEHMW.

[loka3aTenbCTBO.

[lycTb TENO S, HEM3MEHHO CBSA3aHHas C HAM MoABWXHaa cuctema otcyeTa O x.y.z, U
Touka M, 3aHMMalOT B MOMEHT BPEMEHU t, NOnoXeHue | (puc. 5.5) OTHOCUTENBHO
HENOABMXKHOW CUCTEMbI Oxyz. [1yCTb B MOMEHT BpEMEHMU t,=t +At TENO S 1 cucTema
O,x,y,z, 3aiMyT nonoxeHue I, a Todka M, nepenger B Touky M,. bykson M'
0003Ha4YMM NMonoXXeHne ToM TOYKK Terna S, B KOTOPYH NepemMecTuTcs 3a Bpemsa At
ero To4Ka, CoB z |

NAN

Puc.55



Bektop 7 n3obpaxxaetr abCcosfioTHOE MNepPEMELLEHNE TOYKU, BEKTOP
OTHOCUTESNIbHOE MNepeMelleHne, BEKTOP MepeHOCHoe nepemMelleHne TOYKM 3a
Bpemsa At. [1na 9TuX BEKTOPOB CrpaBeasiMBo criefytollee paBeHCTBO

MM, = MM 'vM'M,. (5.11)
Pasgenus (5.11) noyneHo Ha At, nosiy4ymm
U=+, (5.12)
roe
MM,

- CpeaHAA abcontoTHas CKOPOCTb;
MM - CPedHAA NepeHOCHaA CKOPOCTb,

- CpeaHAA OTHOCUTESIbHaA CKOPOCTb.

[Mepexons B (5.12) Kk npeneny npu At CTpeMsLLEMCSA K HYIMH, MOSTy4YuM
lix_noﬁ =liE1017 +£i1_r1017 ,MIM T =7 +F (5.13)

Teopelvla 4OKd3dHa.

CornacHo foka3aHHON Teopeme BEKTOP abCOIOTHOWM CKOPOCTU; — M30bpaxaeTcs
[varoHanblo nmapannenorpaMmma, MoCTPOEHHOTO Ha BEKTOpax MEPEHOCHOW - /1

OTHOCUTESIbHOMU CKOpOCTen 7, . Moaynb BbIMUCASIETCA MO TEOPEL e
KOCUHYCOB
y =».,‘]{V:+V:+2VV cosy, (5.14)

rae y - yron mexzagy Bekropamy nepeHOCHOW U OTHOCUTENbHOW CKOPOCTEN.



NMoHAaTHe o niaocKonapannenbHOM ABUXeHUU TBepAaoro tesna

[1BM>XeHne TBepaoro Tefia HasblBaeTCs rnyiockonapansienbHblM, eCfin BCce TOYKM Tena
nepemMeLLaloTca B MNOCKOCTAX, MapanfienbHblX HEKOTOPOW (UKCUpOBaAHHOM
MOCKOCTM (OCHOBHOW MNITOCKOCTMN).

[TycTb HEKOTOpOE Teno V coBepLlaeT Nyiockoe ABUMXKEHUE, TT - OCHOBHAasA MITOCKOCTb
(puc. 5.4). U3 onpegeneHus nnockonapansenbHoro AOBWMXEHUA U CBOWCTB
abconTHO TBeEpOoro Tena cregyer, 4yto nwbonm oTpe3ok npsimon AB,
nepneHanKynspHbIA NIOCKOCTU TT, OyAET coBepLUuaTb NOCTyNaTeNbHOE ABMXKEHNE.
To eCTb TpaekTopun, CKOPOCTU U YCKOPEHUA BCEX TOYeK oTpe3ka AB Oyayr
oAuHakoBbl. Taknm obpasom, ABMKEHUE KaXKO0M TOYKN CEYEHUSA s NapansieribHOro
NSIOCKOCTW T, onpenender cobon ABMXKEHME BCEX TOYEK Tena V, nexawmx Ha
OTpes3Ke rnepneHanKynapHOM CEYEHMIO B aHHOW TOYKe.

[MpumepamMmn nnockonapannenbHOro OBWMXEHUS HABMFAITCA: KadeHue Kosieca o
NPSAMONMMHENHOMY OTPE3KY, TaK KakK BCe ero TOYKM NepemMeLlaroTcs B NMiOCKOCTSAX,
napansienbHbIX MNOCKOCTU, NeprneHanKynapHOM OCU KoJfieca; YacTHbIM criydyaem
TaKoro ABMXeHNA ABNSETCH BpalleHne TBepaoro tena BOKPYr HENOABUXKHOW OCH,
B CaMOM [efie, BCe TOYKM Bpallalolleroca Tena ABUMXKYTCA B MJIOCKOCTAX
napanfienbHblX HEeKOTOPOW NepneHanKyNApHOM OCU BpalleHUA HenoaBUXHOW

NII0CKOCTU. y P
NERA
\

Puc.5.4




Teopema O BO3MOXHOCTU NnpeactaBiieHnd rjiiockonapariesribHoro ABNXXeHnd B Bnge
COBOKYINHOCTW OABYX OBWXEHUN: NOCTYNaTeEJSIbHOIo 1 BpallatesribHOro.

[MycTb HEKOTOPOE TeNno coBepllaeT nrockonapannensHoe ABuxeHne. Paccmotpum
HEKOTOPOE ceYeHme 3TOro Tena napannerbHoe OCHOBHOWM MNMOCKOCTH.

[Mpon3BONBbHO BbLIOPAHHYK TOYKY CEYEHUSI UMW MIOCKOCTU, KOTOPOW MPUHAOANEXUT
CeYeHNE 1 KOTopasi HEM3MEHHO CBsi3aHa C CEYEHNEM, Ha3bIBatOT NOFOCOM.

Teopema. Bcdakoe nepemelleHne nriockon dourypbl B €€ MioCKOCTU MOXeET ObiTb
NpeacTaBfieHO B BUAE COBOKYMHOCTUM ABYX OBWXEHU: MNOCTYNaTenbHOro wu
BpaLlaTesibHOro.

[lokasaTenbCTBO.

[TycTb nnockas courypa 3a HEKOTOPLIN NPOMEXYTOK BpeMeHn At nepemecTtunach 13
NosioeHus | B nosnoxeHue 1l (puc. 5.7). MNonoxeHne nponsBosibHO BbIOpaHHOIO
OTpe3ka HEU3MEHHO CBA3aHHOIo C Urypomn, onpenender MNONOXeHne Bceun
dourypbl B 1110601 MOMEHT BpeMeHU. BbibepeM aBe Npon3BosbHbIE TOYKU OUrypbl
A v B N MPUMEM TOYKY A, 3a nontoc. OTpe3sok A B, Yepes NpomexxyTok BpemMeHu
At 3alMET I'IOJ'IO)KeHl/Ie "AB I'Ioc:TynaTeanbuvl nepemeLleHnem domrypsil
COBMECTUM TOYKM A, 'Izqua B, npu sTom 3anmeT nonoxeHue B',, a cama
dourypa nepeunper B nonox(eHme OTMeueHHoe NYHKTUPOM. I‘IOCTynaTeanoe
nepemMelleHve urypel onpenenuTcs BekTopoMm , M oTpesok A B, Oyzer
napanneneH orpesky A,B',. Ecnu Tenepb NOBEPHYTb dourypy BOKpyr nontoca A,
Ha yron A¢=4Z B' A éz, TO OTPE30K A B' 3aUMET MOoroXeHue Asz' a calvla

durypa - nonoxeHue I, 4TO " Tpe6OBaJ'IOCb OokasaTb. Teopema paccMmaTpuBaeT

He pearibHOe, a BO3MOXHOE ABUMXEHNE TOYKM.

CnenctBue n3 TeopeMbl: YrnoBasi CKOPOCTb NSI0CKOM oUrypbl HE 3aBUCUT OT Bblbopa
nosntoca.



NN\

RHC3:1 Puc. 5.8
CKOpOCTb TOUYKM NNOCKOU (hUrypbl

Teopema. CkopocTs,  noboun Toukm B nnockon comnrypel B 4aHHbLIA MOMEHT BPEMEHN
eCTb reoMeTpuyecKkas cymma cKoj’+1ICTu HEeKOTOpPOro noJsitca u Cty,, JOCTU
, BO3HMKaIoLLIeW BCreCTBME BpaLLeHNA ourypbl BOKPYr NMostoca, To eCcTb

V=V, 1tV (3.15)

[loka3aTenbCcTBO

[MycTb dourypa S (puc. 5.8) coBepLUaeT nnockoe asmkeHue. Jlloboe nepemelleHmne aToun
domrypbl MOXET ObITb COCTaBMEHO U3 MOCTYNaTenbHOro NnepemMeLleHns BMecTe C
nonocom A M NoBopoTa BOKPYyr 3Ttoro nontwca. [llpeacraBum  gBuKeHUe
NPON3BOSIbHOM TOYKM B Kak crnoxHoe: 3a nepeHOCHoe NMpuUMeM rnocTynatesibHoe
OBWKEHWE CUCTEMbl KoopauHaT Axy, 3a OTHOCWUTENlbHOE - [BWXKEHUe,
coBepLuaemMoe To4Kkon B npu BpaLLeHnn nnockon ourypbl BOKpyr rostoca A.



Ha ocHoBaHWy TEOpeMbl O CKOPOCTM TOUKM B CIOXKHOM ABUXKEHUN UMES? = ¢ 457,
B aTOM BbipaXeHuv? =%.% =%,  TaK Kak NepeHOCHOe ABMXEHUE NocTynaTenbHoE,

BV =75, , TaK KaKk OTHOCUTENbHbLIM BydeT ABMXEHME TOYKM B No OKpyKHOCTU
paguyca AB. Cnenwy =vy +vz , YTO U OOKEv,, = B4 TEOPEMY

MrHoBeHHbIN LEeHTP CKOpocTen

MrHoBeHHbIM LIEHTPOM CKOPOCTEW Ha3blBaeTCHA Takas Toyka nrockon dourypbl (Mnm
HEN3MEHHO CBA3aHHOW C 3TOWN (PUrypoun niocKoCTU), CKOPOCTb KOTOPOW B JaHHbIN
MOMEHT BPEMEHU paBHa HYJII0.

[MycTb courypa S (puc. 5.9) cosepluaeT nnockonapasnnernbHoe OBWXeHWe, npuvyem
yrrnoBagd CKOPOCTb 3TOr0 ABWMXXEHUNA He paBHa Hynto. [1pyMeM NPOn3BOSMbHYH TOYKY
A cburypsbl S 3a nontoc.

[ToBEpHEM BEKTOP CKOPOCTU TOYKM A BOKPYT ero Hadarna B CTOPOHY BpalLleHUs Ha yron

T =y +7py NOKAM B My, — | 1OM HanpasrneHun otpesok AP_ "lencTentensHo u3
F A PA PA Vpa

(5.15) uUMeemMm  _ _ =
Vpepg = —Vy Vp = 0
, npuyem AP=va , a HanpaBneHne BeKkTopa
NPOTUBOMNOMOXHO . CrnegoBarenkHn %
. Ve=Vp+Vy vV,=0,Torga v ,=v,, v =},’a|
|_|pl/IHF|B 3a NoJ1I0C MMTHOBEHHbIN LLEHTP CKOPOCTEMN, 11usyHnivi BbipdxeHne 514 CKOPOCTU
NpOon3BOfIbHOW TOYKM A B BUAe: ,HO , AP, TO ecTb

CKOPOCTU TOYEK MMIOCKOM ourypbl B JaHHbIMK MOMEHT BpeMeHM pacnpeneneHol
Taknm obpasom, Kak ecrnim Obl 3Ta omrypa Bpatlanacb BOKPYr MTHOBEHHOIO LIEHTPA
CKOPOCTEN C YrrioBOM CKOPOCTLIO W.



Ecrnn A n B - npon3BosibHbIE TOYKK Tena, P - MTHOBEHHLIN LIEHTP CKOpPOCTen (puc.

5.10), Tonocv , =v .= fu|AP, v, =v . = ju|BP Mnonyynmv
Vi AE
e (5.16)

Takum o6pa3om, CKOPOCTU TOYEK MIOCKOM dUrypbl NPSIMO NPONOPLIMOHANbHbI X
PaCCTOAHNAM 4O MIHOBEHHOIO LIeHTPa CKOPOCTEN.

Puc.5.10



Jlekuus 6

OunHamunka

[nHamuka — pasaern TeOpeTquCKOVI MeEXaHUKWU, M3yqarou.|,vu7| OBMXEeHUe MatTepualibHbIX

OOBLEKTOB M NPUYKMHBI €ro Bbi3biBatoLne. [IBMmKeHne Tena cHMTaeTcst M3BECTHbIM,
€CNN N3BECTHO [AOBWXEHME KaXOOW €ero TOYKWU; MNO3TOMY W3YyYeHWEe OUHAMUKU
HayMHaeTCs C U3YyYeHUdA OBWXKEHUA matepuanbHou Touku. [log martepuanbHom
TOYKOM MNOHUMAKOT Terio, pasMepbl KOTOPOro TakOBbl, YTO pasfMYMEM B
nepemMeLleHNsIX OTAENbHbIX €ro YacTul, MOXKHO NpeHebpeyb. MaTepnanbHYo TOUKY
MO>XHO paccMaTpuBaTh Kak reOMETPUYECKYIO TOUYKY, UMEIOLLLYIO KOHEYHYIO MaccCy.

3akoHbl Nlanunes - HbOTOHA

3aKoH NHEpLUNn. V|3OJ'IVIpOBaHHaF| MaTepunasibHaad TOYKa AOBUMXETCA C HYJleBbiM

YCKOPEHMEM.

[lepBbi 3aKOH yKa3blBaeT Ha OOHO U3 Ba)XXHEWLLUNX CBOWCTB MaTepun — MHEPTHOCTD.

CBOWCTBO WHEPTHOCTU MPOSBMSIETCA B CMOCOOHOCTM Tena COXpaHATb CBOEe
OBWKEHWE NPY OTCYTCTBUM BHELLIHNX BO3AENCTBUIA, @ Takke N3MEHSTb ero noa Aew
CTBMEM CUJT HEe MFTHOBEHHO, a MOCTENEHHO. ATO U3MEHEHME NMPOUCXOOUT TEM MEL,
fleHHee, YeM Oonblle BellecTBa coaep)XuTca B Tene. BenunumHa, aBnstowancs

MEPON MHEPTHOCTW Tena W onpegensalowas KonuyecTBO  BELLECTBA,
cogeprKallerocs B Tene, HasblBaeTCAd NHEPTHOM MaCcCOoW Tena.

OcHOBHOM 3aKOH AuvHamukn. Moaoynb cunbl, AENCTBYIOLWLNKA HA MaTepuanbHyt0 TOYKY,

paBeH NPOU3BEOEHMI0 MacChbl TOYKM Ha MOOVIlIb €e VCKODEeHUsA, a HanpasneHue
CUIbl COBMagaeT C HarNpaBre F = ma. (6.1)



Takum o6pa30M, I'Ipl/l‘-II/IHOI7I BO3HNKHOBEHUNA OBUXEHUA ABITAETCA CUT1a.

3aKoH paBeEHCTBaA OEUCTBUA WU I'IpOTI/IBO,EI,GVICTBMFl. ,D,Be MaTepunasibHble TOYKU
D,GIZCTByFOT Apyr Ha gpyra ¢ cujiaMuy, paBHbIMK MO MOAYITHO U HaMpaBJ1IEHHBIMA O
I'IpFlMOI?I, COENHAIOLLIEN 3TN TOYKK, B NMPOTUBOINOJTOXKHbIE CTOPOHbI.

Fl=-F =ng=mnda. (6.2)

CneactBue. [NycTb K TOYKE MacCbl m NPUNoXeHa cuctema ( (/. 7, F,.. F}. .
Kaxniz, cuna cooOLLIaeT TOUKe YCKOpEZ; 1€ , YCKOpZine , onpeaensiemoe
BCEWN CUCTEMOW CUIM, PARHN:

=33, . (6.4)

-

NMpuHunn Janambepa. Cunbl nHepuumn

nyCTb MaTepunasibHad TO4Ka M maccbl m, Ha KOTOPYIO HaJioXXeHbl HEKOTOPbIE CBA3N,
coBepLliaeT gBmxeHnme, BbiabiBa€Moe I'IpI/IJ'IO)KeHHOI7I K HEN aKTUBHOM CI/IJ'IOI:E

OcB060OAUM TOYKY OT CBA3EN U 3aMEHUM UX OEACTBUE PeaKLUs & 4 ; CIIOXUB
F, cuny " , NOMNy4Ynm cuny :
F=F+R, (6.5)

No4 denciBueM KUlopuu leliepb YXXe CcBoboaHasi Touka COoBeplUaeT ABMXeHue
(pnc.6.1).

Hma-F-F+R (65 IblOTOHa:

=]
I
B

—

BBe,U,eM obo3HavyeHue , 1Ooraa
F+R+®=0. (6.7)



’,
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Puc. 6.1

Bektop @, HanpaBneHHbIN B CTOPOHY MPOTUBOMOSIOXKHYIO YCKOPEHWUID TOYKW, U MO
MOAYMO pPaBHbIN MPOM3BEOEHUID MacCbl TOYKM Ha MOAYSIb €€ YCKOPEHMS,
Ha3bIBAETCHA CUNOU MHEPLMN MaTePUAnbHON TOYKM.

MpuHuun OJanambepa. Ecnn kK 4eNCTBYIOWNM Ha TOYKY aKTUBHbIM CUlaM 1 peakumnsim
cBA3en AobaBUTb CUNY MHEPLUN, MbICIIEHHO MPUITOKEHHYIO K TOYKE, TO B KaXKAbIW
MOMEHT BpPEMEHN MNOMy4YeHHaa cuctema cun OyaeTt ypaBHoOBELUEHHOW. [MpuHuumn
[Janambepa npeacrtaBnger cobon dopmarnbHbIM MaTeEMaATUYECKUA TPUEM,
yaoOOHbIN ONs pelleHns 3agad AMHaMUKK, Tak Kak No3BOSISIET ANHAMUYECKNE ypaB
HEHWUS OBWXEHUS 3anucbiBaTb B popmMe ypaBHEHNN paBHOBECUS.

PaboTa

B KauyecTtBe xapaKTepUCTUKN OENUCTBUSA CUMbl HA MaTepuaribHy0 TOYKY (Unu Teno)
MOXHO paccmartpuBaTtb paboTty cunbl. Pabota — 3TO mMepa OENCTBUA CUMbl MO
OTHOLLUEHUIO K pPacCTOAHMIO, MNPOMOEHHOMY TOYKOM ee npunoxeHud. Todka
NPUNOXEHUA MOCTOSAHHOM CUIbl ABWXETCHA MO MPsiMOU, COBMadalroLlen C NMHNEN
aencteus cunel. PaboTta aTon cunbl paBHa NPOU3BEAEHUIO €€ Moayns F Ha ANNHY
NyTU s, NPOUAEHHOIO TOYKOWN NPUITOXEHNS CUMbI, B3BATOMY CO 3HAKOM «+» UITN «—»,

A=+Fys (6.8)



3HaK «+» 6epeTC$-| B CJly4ae, Korga HarnpasJieHUA CUiibl N nepemMmelleHnd coBriaaatoT,
3HaK «—=» - KOrga 3t HarnpaeJ1I€EHNA NMPOTUBOIMNOJ1O0XHblI.

PasmepHoCcTb eamHuubl padoTel B MexayHapoaHon cucteme eauHny, (CH) — mxoynb
(Ox). OgnH mkoynb — 31O paboTa, coBepliaemasi CUNION B OOMH HbIOTOH Ha
NPAMOSIMHEMHOM yYacTKe NyTu 4JIMHOU O4NH METP.

an/I 9TOM CYUTAETCH, YTO NMIMHUA OEUCTBUS CUNbl COBMagaeT C I'IpFlMOIZ, rno KOTOpOI7I
OBUXETCHA TOYKa ee NpuIio>xKeHus.

Ecnn Touka nNpunoXeHusa curbl Takke nepemMelltaeTcs rno npsiMon, coBnagaroLlen ¢
NUHWEN [OENCTBUS CWUMbl, HO MOAYMb CWUMbl F eCTb BennyMHa MnepemMeHHas,
3aBuUCALLAsA OT TOYKU MPUMIOXKEHUA CUMbl, TO ANS TOro, Ytobbl HaMTKU paboTy
NepeMEHHON Ccunbl Ha OTpe3ke nyTu ANuUHOW [, pa3obbemM 3TOT OTPE30K Ha
OOCTaTOYHO OOSbLIOE YMCNO n MasblX Yy4acTKOB Asl, As2 Asn. Torga MOXHO
cunTaTb, YTO B npedenax As MoAynb CWMbl NOCTOSIHEH U paBEH HEKOTOPOMY
CBOEMY 3Ha4eHuio F. B Kakon-nmbo To4vke oTpeska. AnemeHTapHyto paboTy cunbl F

AA= Fhs,. (6.9)

Bbluncnsas cymmy anemeHTapHbiX paboT M nepexoas K npeaeny, Hangem pabdoTy
MAVNARNANANLILL If\I‘J‘ ANAILAMEL ] E 11/ I‘Int‘lnlf)nMHemHoM yqaCTKe:

% 8
A= lim ' FAs; = | Fds | (6.10)

d—
n.s—;OI._l %

[na Toro 4Tobbl B3SATb 3TOT UHTErpars, Moayrb CUNbl CrieayeT BblpasnTb Kak OYyHKLMUIO
nepemMeHHoOu s: F=f{(s).



PaboTta cunbl Ha KPUBONIMHEMHOM Yy4acTKe

PaccmoTpum obwnn crniydam HaxoxgeHums paboTbl NEepeMEHHOW Cusbl, ToudKa
NPUNOXEHUA KOTOPON OBUXKETCA MO KPUBOMMHEUHON TpaekTopuun. ycTtb Touka M
NPUNOXeHUA NepemMeHHON cunbl F OBMXETCA MO MPOU3BOSIbHON HenpepbiBHOW
KpuBOI< JDB603HaAUNMM Yepe3  BEKTOP DECKOHEYHO Marioro nepemMeLleHns Toukn M.
OTOT BEKTOP HanpasrieH No KacaTesibHOM K KpUBOW B TY K€ CTOPOHY, YTO WU BEKTOP
CKOPOCTM.

d5 1leMeHTapHOW paboTon NepemMeHHon cunbl F Ha 6ecks e4yHo Manom nepemeLleHnm
dA= Fdscosa , - (6.11) m3BeOeHne BeKTopoB F u
ds
roe a- yron Mexay Bektopamu F u

To ecTb anemeHTapHas paboTa cunbl paBHa NPou3BeaeHUI0 MOAYNEN BEKTOPOB CUTTbI
N OECKOHEeYHO Maroro nepemMeLleHns, YMHOXEHHOMY Ha KOCUHYC yrna Mexay

ITUMIN BEKTOPaAMMN. F
Pasnoxum BEKTOP CUAbI F Ha ABe coCcTaBndroLwmne: - HalnpasBJiIEHHYHO MO KacaTesnbHoun
F. K TPaAeKTopun — n — HaripaslieHHY Mo HopMalin (pI/IC 6.2). JInHna gencreus

CATbl NEPMEHANKYNSIPHA KACATENEHOIA K TPAEKTOPMM, N0 KOTOPOIA ABIKETCS TONKA,
dA=F . 617 38

,D,J'IFI TOFO YTOObI BbIYUCIIUTL pa60Ty nepemeHHom cunbl F HA KOHEYHOM Yy4yacTke

A ST UHTEerpainn ot anemeHTapHom pa6OTbI
A=|dA=|Fascoscz=|F_.as. (6.13)



Pwuc. 6.2 Pwuc. 6.3

Teopema. PaboTta paBHOOENCTBYHOWEN CUCTEMbI CUIT HA HEKOTOPOM MyTW paBHa
CyMMe paboT COCTaBMAOLLNX CUIM HA TOM Xe NYyTU.

J[loka3aTenbCTBO:
[TycTb Touka M NpuNoXXeHnUsa CUCTEMbI CU (F. . F,.. F} nepemeLiaeTcs m3
MONOXXEeHUs M0 B MOSIOXXeHne Ml; KpOMe TOro, NyCTb
R=F+F+ +F, (6.14)

Bbluncnvum anemeHTapHyto paboty cunbl R. [ns 3TOro yMHOXWM paBeHCTBO (6.14)
CKards YHO Ha

R&E=F&E+A.&E+ +F.d5, (6.15)

TO eCTb 3fieMeHTapHasa paboTa paBHOAENCTBYIOLLEW paBHA CyMME aNneMeHTapHbIX
paboT coCTaBnAOLLNX.

Mpeacrasnas moaynu F, £, F,, ... F_KaK (OyHKUMW s 1 MHTErPUpYs BbipaXkeHue (6.15) B
COOTBETCTBYHOLLNX Npeaenax, nony4mm:

(Rds=|F.ds+|FR.ds+. . +|F .. (6.16)



A=|Rds, A=|Fds,. A=|F.&
v : - OKOH4YaTeNbHO UMEEM:

[TockonbKy
A=A+ A+ +4A, (6.17)

4YTO U TPeboBanNochb Aokasarb.



Nekuuna 7

MowHocTb

[1Be pa3nuyHble CUibl MOTYT COBEPLUATb OAHY U TY XKe paboTy 3a pasHble NPOMEXYTKU
BPEMEHWN. XapaKTEPUCTUKOW, MO3BOMAIOLLEN OLEHUTb ObICTPOTY COBEPLUEHUS
paboThl, ABNSETCSA MOLLHOCTb.

MolLHOCTLIO Ha3biBaeTcs paboTta, npon3seaeHHas B eAMHNLY BPEMEHN:

Bl DA B S T, (7.1)
I @

Ecnun B ntoOble paBHble MPOMEXYTKN BPEMEHM NPOU3BOAUTCA OfHA U Ta e paboTa, TO
MOLLHOCTb MOXET ObITb Bbl4MCNEHa No dopmyne:

pad: (7.2)

Y
B viexxayHapoaHou cucteme eaviuy, (CU) B kauyecTBe eduHWLbI MOLYHOCTM MPUHSIT
BaTT — paboTa B OAMH AXKOYMb, NPOV3BEAEHHAS 33 OAHY &n = 2°

(4

Ecnu B dopmyne (7.1) BMecCTo anemMeHTapHon padoTsl AA NoacTaBUTb €€ BblpaXeHne
13 (6.12), nony4nm ewle ogHO COOTHOLLEHME A BbIYUCIIEHNSA MOLLHOCTN:

. Fd  _ ds
5 e P W 7.3
R 1_11_1;1 5 : v (7.3)

[Mpun akcnnyaTayum ntobon MalunHbl YacTb NOTPEOBNSAEMON €0 MOLLIHOCTM TPaTUTCA Ha

NpeoaoneHne pasnuyHbiX COMPOTUBIIEHUN, TO €CTb Ha COBEpLUEHME MOosie3HoMn

paboThl pacxoaoyeTcs TOMbKO YacTb NOTPEDONSEMON MOLLHOCTW.




OTHOLIEHNE MONEe3HOM MOLLHOCTU (paboTbl) KO BCEW MNOTPebNSeMOW MOLLHOCTU
(paboTte) HasbiBaeTcst koadhduumeHTom nonesHoro aencteus (KMa) mawmvHebi:

= A
== e (74

P A .

KI'ILl xapaktepusyeT paunoHanbHOCTb MCMOSb30BaHMUA MNOTPebnseMon MOLLHOCTW.
[TOCKOMbKY MOMHOCTBIO M36aBUTLCA OT MOTEPL MOLLUHOCTM MpU 3KCnnyataumm
MaLLUUHbI HeBO3MOXHO, Kl nodon mallmHbl MEeHbLLE eAUHULLbI.

PaboTta n mowwHOCTb npuv BpaulatTesibHOM ABUXEHUU

Hangem paboTy 1 MOLLHOCTb CUIbl, MPUOXEHHOW K Teny, UMELWeEMY HEMOOBMKHYIO
OoCb BpaLueHus. [lycTb K TBEpAOMY Teny, MMetoLeMY HENOABMXKHYIO OCb BpaLLeHUS,
NPUNOXeHa (B TOYKe He nexallen Ha ocu BpalleHus) cuna F . Tpaektopuen Toukm
NPUNOXeHUA ABNAETCH OKPYXXHOCTbL C pagnycom R.

Pa3noxmnm BEKTOp Ha Tpu COCTaBnAwLWMUE 7. F  F (puc 7.1). OnemeHTapHas
paboTa cunbl F OygeT paBHa:
dA= Fdscosa=F.dscos 8+ Fdscosy+ FdscosA=F.ds (7.5)
rae a - yrosi Mexagy BEKTOPOM CUibl  F M BEKTOPOM NEPEMELLEH 45 , B, Y, N-yrnbl
MEXay COOTBETCTBYHOLLNUMU NPOEKUNAMU CUIbl  F N BEKTOPON 5

JrieMeHTapHble paboTbl COCTaBNAW 7, 7 PaBHbI HYNIO, B CUY
OPTOroHarIbHOCTU 3TUX COCTaBMNAK 45 1A 11ePEMELLEHUI0 . MNpeobpasyem
BblpaXkeHue (7.5) ¢ y4eToM TOro, 4To ds=Rd¢.

dA= Fids = F.Rig =M dg. (7.6)



A= |Mdyp, (7.7
Ecm Mg = const, 10 A=M (g, —-@,).

[na onpeageneHnsa MOLLHOCTU cunbl F nogCcTaBuM BblpaXeHue anemMeHTapHou
paboTbl (7.6) B hopmyny (7.3). MNonyunm:

P=ﬁ=M gﬁ:!ﬁ'm, (7.8)
at at

d o
TakK KaK d%f - eCTb anrebpanyeckoe 3HayYeHue yrrinoBoi CKOPOCTU W

BpaLLatoLerocs Tena.




NMoHsATMe o TpeHun. TpeHne CKonbXeHus

ConpoTnBneHne, BO3HUKAKOLLEE MPU CKOMbXEHWW OOHOrO Terna Mo MoOBEePXHOCTU
OPYroro, HasblBaeTCcsa TPEeHueM ckonbxeHus. Ecnmn conpukacawlwmnecsa tena
OOCTaTOYHO TBepAbl U XOPOLLO OTNONUPOBAHbI, TO CUNAa TPEHUSI HE3HAYMTENbHA U
B NEePBOM MPUBINIMKEHUN €10 MOXXHO NpeHebpeydb; HO NPU TEXHUYECKUX pacyeTax
CUny TPeHust Bcerga npuxoamTcs NpMHUMaTh BO BHUMAHME.

PaccmoTpumMm crieyolwnnl onbIT: HAa  HEMOABWMKHYIO TFOPU3OHTalNbHYK MSIOCKOCTb
NoSIoXKeH Opycok BecoM G (puc. 7.2). MNMpunoxum Kk aToMmy 6pycKy ropusoHTasribHyto
cuny Q. Ecnim Obl peakunsi HeENOOBWXKHOW MIIOCKOCTM CBOAMIIACb TOSIbKO K
HopMarnbHOM cune N, TO ropnsoHTanbHas cuna Q , kKak 6ol Mana oHa He Obina,
OCTaBadACb HeypaBHOBELLEHHOW, 3acTaBuna 6bl OPYCOK CKONL3UTL MO NIIOCKOCTMW.
Ho B 4eNCTBUTENLHOCTN BPYCOK OCTaeTcsa B MOKOE O TeX Mnop, noka cuna Q He
OOCTUTHET HEKOTOPOKM onpeaeneHHoOn BeNnYmHbl. Cuna TpeHus, NposiBAsoLWaacd
Npn MoKoe Terna, Ha3biBaeTCs CUIION TPEHUS B MOKOE UIN CTaTU4YECKOW CUITOU
TPEHUS; cnuna TPEHUA, BO3HUKAIOLWas Npu CKOMbXEHUU Tera, Ha3biBaeTCs CUSTOU
TPEHUSA B OBMXKXEHUMN. N

'ﬁ

ma

o)

Puc. 7.2



ccnepoBaHueM siBNeHUs TpeHua 3aHuManca ewe JleoHapoo oa BuHun. Beuagy
3Ha4YeHNs, KOTOPOE MMEET SABIIEHNE TPEHUA B TEXHUYECKOW MNpaKTUKe, N3yydeHune
SIBNEHUA NMPoaormKanocb U NpogormkaeTcsa B HacTosilee BpeMsi. BO3HMKHOBEHME
CUNbl TPEHUS CKOMBbXEHUA ODBLACHAETCS, NpeXxae BCero, TeM, YTO NOBEPXHOCTU
Ten He ABnATcA abcontoTHO rmagkumun. [1nsg Toro, YTodObl 3acTaBUTb OQHO TES0
CKOJIb3UTb NO MOBEPXHOCTN APYroro, He06xoANMO NPEeoaosiIETb BO3HUKAKOLLEE MPpU
9TOM  COMPOTUBMEHUE  MMKPOCKOMUYECKMX  BbICTYMOB, MWMEKLWMXCA Ha
cornpuKacalwmxcsa MNOBEPXHOCTSAX, KpOMe TOoro, npu 3TOM MNPUXOOAUNTCS
npeoaosieBaTb €le CUiibl MOSEKYSIAPHOINo B3aMMOAENCTBUA MeXay 4YacTtuuamm
NOBEPXHOCTHLIX CITOEB, CONpUKacatoLnxcs Ten.

Taknum obpasom, BO3HUKHOBEHWNE CUMbI TPEHUSI OO bSACHAETCA ABYMSI NPUYNHAMMN:
1) LlepoxoBaToCTLIO MOBEPXHOCTEN.
2) lNposaBrneHnem cnn MONeKynspHoOro B3aMmMoaenNCTBUS.

Ha ocHoBaHWM OMbITOB YCTAHOBIEHO, YTO MakCUManbHas BennYmMHa Curbl TPEHNA B
Nokoe MnpaMOo MNpornopunoHanbHa HopManbHOMY [OaBMeHU0 OOHOro Tera Ha
apyroe, To eCTb HOpMaribHOW peakLunu:

F o=, (7.9
I e f— K03 UMM EHT TPEHMA CKOIEK EHIA B ITOKDE.
O4yeBNAOHO, 4TO KOSd)CbVILI,I/IeHT TPEeHNA CKOJIbX)KeHndA B MNOKOe — BeJIM4nHa
be3pasmepHasi.
OTHOCUTENBLHO TpeHUA CKOJIbXXeHnA B ABMXEHUN YCTAHOBJIEHO CriejyloLLee:

1) Cuna TPpeHUA CKOJIbXEeHUA B OBWXEHNN HallpaBJieHa MNMpPOoTUBOINMOJI0XKHO CKOPOCTH
CKOJ1IbXXEHUNA OA4HOrIo 1ella OTHOCUTESIbHO OPYTroro.



Cuna TPeHUs CKOMbXEHUS B ABMXEHUU MPOnopLMOHanbHa HopManbHOMY AaBneHuto
O[HOro Tena Ha gpyroe:
F'= N, (7.10)

rae f' — KoaPPUUNEHT TPEHUA CKOSTbXXEHUS B ABUXEHUMN.

KoadpdunumeHT TpeHNA CKOSMbXEHUSA B ABUKEHUN HECKOSIbKO MeHbLUe KoadphdumumeHTa
TPEHUSA CKOSIbXXEHUS B MOKOE 1 3aBUCUT OT MaTepuarna, COCTOSAHUS NOBEPXHOCTU U
OT OTHOCUTESTIbHOM CKOPOCTU TPYLLMUXCS Ten.

TpeHue KavyeHus

TpeHnewm kayveHus Ha3blBaeTCs CONPOTUBIEHNE, BO3HUKAOLLLEE NPU KaYEeHUN OOHOro
Tena no noBEepxXHOCTU pgdpyroro. PaccmoTpum UUMIUMHOPUYECKUM KaTOK Ha
rOPM30HTarIbHOW NNOcKoCcTK (puc. 7.3). NycTb BecC KaTka G , U NyCTb B ero ueHTpe O
npunoxeHa cuna Q.

OnbIT NoKasbIBaeT, YTO MNoKa cuna Q HEBENuKa, KaTOK HaxoauTcsl B pPaBHOBECUMN.
CnepoBaTteribHO, OEWCTBYIOLLIME HA KaTOK cufibl G MU Q  ypaBHOBELUMBAKOTCS
CONPOTMBMNEHNEM H & OBWXHON nnockoctn. B Touke A BO3HMKAET HOpMaribHagd

peakumst N 1 CUNA T poHUS , PaBHasi No MoAymnto cune Q, HO HanpaBreHHasa B
NPOTVBOMONOXHY CTOpoHy. OaHak 57 , 5 =~ Obl CONPOTVBMNEHNE HEMOOBWKHOM
MNNOCKOCTU CBOAUIOCH TOME(Z,F. ) Nam , TO KaTOK He Mor Obl
HaxoOMUTbCHA B pABHOBECUM, TAK Kak Napa ocTaBanacb 6bl HeypaBHOBELLIEHHOW.
MoaTo ", 7 ~06X0AMMO [OOMYCTUTb, YTO pPEeaKuMm HEMnoOABMXKHON MNC(g 7 )

NPUBOAATCS HE TONbKO K CUnam , HO 1 K HEKOTOpOW nape Cun, Koiupas vi

ypaBHOBELLMBAET Nnapy
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Puc. 7.4

OTa napa, NpenaTcTBylLLas Ka4yeHNIo KaTka, Ha3biBaeTCca Napon TPEHUS KavyeHus.
BO3HMKHOBEHME 3TOW Napbl OOBLSCHAETCA TEM, YTO BCieacTBME He abContoTHOW
TBEPAOCTN paccMaTpuBaeMble Tena UCnbITbiBaOT AedpopMauunto, Tak YTO KaTokK
HEeCKOSIbKO BOaBMMBAETCA B OMOPHYK MOBEPXHOCTbL MO HEKOTOpPOW Marou
nroLwaake okosio Touku A (puc. 7.4).

N3 onbITOB M3BECTHO, YTO MOMEHT 3TOM napbl HE MOXET MNpeBbillaTb HEKOTOPOIro
onpeanesnieHHoro 3Ha4YeHud, B YCIIoBUAX OaHHOINo OfMbiTa; 3TO MaKCUuMalribHOE
3Ha4YeHne napbl TpeHUA NMNPAMO nponopumnoHasibHO HOpMaribHOMY OaBJIEHNIO KaTKa

M, =fN, (7.11)

rae f, — KO3 PMUNEHT TPEHMS KaueHus.

N3 ananmza dgopmynbl (7.11) cnepyet, 4YTO KO3IMPAUUMEHT TPEHUA KavdeHUs
N3MepseTcs B eanHMLUAXxX AnnHbI.

COBpeMeHHbIe nccrnegoBaHUA MNOKa3biBAKOT, 4YTO KOS(*)CbI/ILI,I/IeHT TPEeHnAa KaydeHUud
3dBUCUT HE TOJIbKO OT MaTepuasria KOHTakKTUpyroLwnx T1es n UX yrnpyrmux CBOWCTB, HO
TakKxXe " OT paanyca KaTka.



TeopeMbl AUHAMUKU TOYKU
Teopema 00 wn3MeHeHMM KonmdecTBa [ABWKeHUSA. KornmyecTBOM  [ABMKEHUS

MarepuanbHOM TOYKM Has3blBAeTCH BEKTOpPHas BennyuHa q, paBHas
NPOV3BeaEeHMIO BEKTOPa CKOPOCTM v Ha Maccy TOYKU m.
F=mp. (7.12)

EovHuue namepenus moayns KonudectBa ABWMXKEHUst B MexayHapoaoHOW cucteme
eguHuL (CU) ai==stcsa
<

[MlycTb Ha martepuanbHyto Todky M genctByet cuna (puc. 7.5). B cooTBeTcTBUMKU C
av

OCHOBHbIM 3aKOHOM ANHAM mz=F, @ = = -Torga
v

nZ -F, 7.13
= (7.13)

TaK KaK ¥I=CONSt, TO ¥ ﬂ; = %(mv) = F | ynHo¥3M 0be WacTH Ha df, moImyn
%)

d(mi) = Fdt = af . (7.14)

my~




[NpounsBeneHne cunbl F Ha marnoe npupalleHne BpeMeHu dt, B Te4EHNE KOTOPOro aTa
cuna JencTByeT, HasblBaeTCs aNeMeHTapHbIM UMMYNbCOM CUIbl ds.

Ecnn touka M gBwmxeTtca nog AeNCTBUEM CUMbl F MO HEKOTOPON KPUBOSTMHEWHOM
TpaekTopmn, TO WUMEET MECTO 3aKOH KOonu4yectBa [AOBWXEHUS: WU3MEHEHUe
KonnyecTBa OBWXKEHUS MaTepuanbHOM TOYKM 3@ HEKOTOPbIA  KOHEYHbIN

NMPOMEXYTOK BpEMEHN PaBHO UMIYJIbCY I'Ipl/lJ'IO)KGHHOVI K TOYKE CUJlbl 3a TOT XKe
NMODOMEXVTOK BDEMEHU

fmdv= | Fdt = mv-v,)=5. (7.15)

NMoHATMEe 0 MOMEeHTe Konn4yecTBa ABNKEHUSA

BEKTopa OKa3sblBaeTCs yOoOOHbLIM paccMaTpuBaTb M3MEHEHME €ro MOMEHTA.
MoOMeEHT BeKTopa q OTHOCUTENbHO Kakoro-nmbo ueHtpa O wnn ocu z
obo3HavaeTcs Mo(m") nnu Mz(mV) N Ha3blBaeTCd COOTBETCTBEHHO MOMEHTOM
KonmyecTsa OBMXEHUS NN KNHETUYECKUM MOMEHTOM TOYKM OTHOCUTESIbBHO 3TOro
LEHTPA UM OCU. BblUMCNAETCS MOMEHT KONM4YecTBa ABWXEHUSA TaK Xe, Kak n

MOMEHT CUIbl.
I'Ip0|/|3Bo,£|,Ha;| I'IO BpeMeHI/I OT MOMeHTa KOInnyecTtBa AOABWXEHUA TOYKN, B3ATOIO

SSs eT= U 3MOABMXKHOMO  LEHTPa, paBHA  MOMEHTY
E[MAWJFMO(F). (7.16) TEMbHO TOrO e LieHTpa

g (mv)

AHarnorn4yHasa 3aBMCUMOCTb MMEET MECTO ASfii MOMEHTOB BEKTOpa N cunbl F
OTHOCUTENbHO Kakon-nmbdo ocu z.



Jlekumnsa 8

KuHeTn4yeckasn aHeprus

Kpome konuyectBa OABUXEHUS OCHOBHOW MEPON MEXAaHUYECKOIO ABUMKEHUA ABMSETCH
KUHETUYECKAsT JHeprus. KnHetndyeckom oHeprmem martepuanbHON TOYKU
Ha3blBaETCS CKansipHasa BenminHa, paBHasi
r:mT"'. (8.1)

KuHeTnyeckaa aHeprnsi — ectb BenNUYMHA MONOXUTENbHaAaA Npu NOObLIX 3HAYEHUSIX
CKOLv =0 .Ecmt v =0 , TO TOYKa NOKOUTCHA OTHOCUTENBbHO MHEPLMAnbHOW

CnCTeMbl OTCHETA N €€ KMHETNYECKaA SHEPTInA paBHa HYJIHO.

Teopema. VI3MEHEHNE KUHETUYECKOMN JHEPrnmn maTtepuaribHOM TOYKM 3a HEKOTOPbIN
NPOMEXYTOK BPEMEHU paBHO paboTe MPUMNOXEHHOW K TOYKE CUMbl 3a TOT Xe
NPOMEXYTOK BPEMEHMN.

[oKka3aTeNbCTBO: ma= F:m% - F = mdv = Rt

YMHOXWUM 00€ Yac v uras ApRYU Ra v, 1nuly4YnMm:

vindv= Fvcos ot , tAe a - yrojsi mexay HarnpasJieHNEM BEKTOpPa CKOPOCTU U
HarnpasJieHnem JIMHNn OENCTBUA CUMBI. I'Iony\-leHHyro 3alfncb npeancrasnmM B Buae

d[&] = Focosaedt .

2 o

[ e . OO0 PaBEHCTBA MNMpeacTaBsidAeT CO6OI/I anemeHTapHyro pa60Ty CUNbl F.
VlHTeI'pl/IpyFl rlonyquHoe Bblpa>KeHne B COOTBeTCTByI-OLLI,VIX npegernax, I'IOJ'Iy‘-II/IM:

2 1 ' o, 2
v v, = [ e 20 =A (8.2)

2 2




NMoTeHUumanbHan dHeprusa

YacTb (orpaHn4yeHHast UnM HeorpaHW4YeHHasl) MPOCTPaHCTBA, B KaXKOOW To4ke
KOTOPOro Ha HaxoAsLLYHCA TaM MaTepuarnbHYO TOYKY JeACTBYET HEKOTOpasi cuUna,
3aBUCSLLAA TOMNbKO OT MOJSIOXKEHUS 9TOM TOYKW, TO €ecTb ee KoopauHat X, y, z,
Ha3blBaeTCcs curoBbiM nonem. MNpoekuumn X, Y, Z cunbl Nons Ha KoopauHaTHbIE OcU
ABNAKTCS HEKOTOPbIMU OHO3HAYHbIMU U HEMPEPLIBHBIMU (PYHKLIMSIMU OT X, y, 2. TO

X =f(x.».2), Y= /i(x,).2), Z = f;(x,).2).

LonycTnm, 4TO CyLLIECTBYET Takast YHKLNS
koopauHaTt U(x, y, z), YaCTHble MPON3BOOHbIE KOTOPOW MO KoopaMHaTaM paBHbI

P i}_U yo % 7 g | 3.3 STCTBYIOLLE KOOPANHATHBIE OCY
X

Takas yHKuMa U HasblBaeTcd CUNoBOM (OYyHKLMEW OaHHOro CUSIoBOro rosgd, a
CWUNOBOE MoJie B 3TOM CJiydae Ha3blBaeTcs noTeHunanbHbiM. Hangem BolpaxeHue

IuManbLHOro Nons:
dA=Xabr+Kz}*+Zak=i}i’ra‘,f+ ga}wa&[}ak:a‘{f, H

TO €CTb 3femMeHTapHaa paboTa cunbl MNOTEHUMANbHOro MoOfs paBHA MNOSHOMY
andbpepeHunany cunoson PyHKUMN.
CnepoBartenbHo, paboTta Ha KOHEYHOM MNyTW, KOrda TO4vKa MPUIIOXKEHUA CUIbl

n ., "", B nonoxexue M, Bblpa3nTcs Tak:
A= [dU=U-1,, (8.4)



TO eCcTb paboTa cunbl NOTEHUMANLHOIO MNOMsA paBHa PasHOCTU 3HAYEHUW CUITOBOW
JOYHKLUMN B KOHEYHOW U Ha4YanbHOW TOYKax NyTu W, crieqoBaTeribHO, HE 3aBUCUT HU
OT BMAa, HM OT AJIHbI TPAEKTOPUK, MO KOTOPOU NepemMeLLaeTcs TouKa NpUnoXXeHus
CUIbl U3 MNONOXXEeHUS M0 B nonoxexHune M.

OTcioga cnegyet, 4YTo B crlydae OAHO3Ha4YHOW cunoBon doyHKUuM U paboTta cunbl
NOTEHUManbLHOro Nons Ha BCAKOW 3aMKHYTOM TPAeKTOPUN paBHa HYIHo.

[MycTb Touka M (x, vy, z,) OyOeT kakas-nmbo nponsBornbHO BbibpaHHasi HeNoaBWXXHas
(HyneBagd) Touka, B KOTOPOW cunoBas PyHKUUA UMeEeT 3HadeHne U(xo, Yy Zo)‘

PaboTta, npousBogMmasi CWUNOW MpuM MNEPEMELUEHUN MaTepuanbHOW TOYKM U3
nonoxexus M B «Hynesyto Touky» M, HasblBaeTca NoTeHLManbHON aHepruen B

Tnuira R

51 5 (.5)

OueBMnaHO, YTO B HyneBow To4Yke M noTeHumanbHas dHepPrus paBHa Hynio.

3aKOH COXpaHeHus1 SHeprum

Mycte M, 1 M, OyayT ABYMS pasnuyHbIMU MOMOXEHUSIMU MaTepuanbHON TOYKM,
ABWXYLLENUCS B MOTEHLUMANbHOM CMIOBOM none, u U, n U, — COOTBETCTBYtOLLME
3Ha4YeHns CUoBOMN (PYHKLUMKM B 3TUX TOYKaxX. Hanuwem ypaBHeHUe, BbipaxatoLlee

HEeTUYEeCKOWN SHEPrun:

v, rv
s ' D ‘,q’



rae v, U v, — CKOpoCTy OBWXKYLLIENCS TOYKWU B MOSTIOKEHUAX M1 n MZ. Ho Tak kak paboTa
A paBHa pas3HOCTM 3HaA4YeHMN CUNOBOWN (PYHKLUMW B KOHEYHOM W HayasibHOM
NONOXEHNAX OBMXKYLLENCHA TOYKK, TO
;)

LRI T ) 2 5 0 i
-l -v, -y, (8.6)

Torga noTeHuuanbHas 9HEPrnsi B To4Kax M1 n M2 OydeT BblpaXkaTbCsl Tak:

o, =U,-U,
I, =U,-U,.
OTcroga

U, =U,-1I,
U, =U,-1I,.
[MoactaBndasa nony4vyeHHble 3Ha4YeHUs B BblpaxkeHue (8.5) nonyyumm:

2 2

RV Ry
5 5o &
n..c.
mv2 va
__‘._1_. Hl — .__._2;-*- HZ
2 2
TO €CTb
v’
T+ IT=const. (8.7)

(JJIUHUDGIUJIDI—IU, II|JVI HDVIII\UI—IVIVI I\AaTepMaanOﬁ TOL‘IKM B HOTeHLl,l/laﬂbHOM CM”OBOM
nosie cymma KMHETUYECKOM N NOTEHUMaNbLHOW SHEPIrMn OCTAaeTCHA NOCTOAHHOWN.



KnHeTnyeckasn dHeprna matTepuvuarnibHOro Tesfia B pa3JfindHbiX BUAaxX ABUXEeHUNA

MaTepmaanoe TeJ10 eCTb COBOKYIMNHOCTb OTAEJIbHbIX MaTtepualribHbIX TOYEK.
KnHeTnyeckas IHEPIrn4d Tesia, cosepLuarLlero nocrtynaresibHoe ABMXeHNEe paBHa
NOoJy1OBUHE rnpon3segeHnAda MaccChbl Telrla Ha KBagpaTt CKOPOCTU €ero ueHTpa Macc:

)
mv;

2 “
LleHTpoM mMacc cuctemMbl HasbiBaeTcsl Todka C, KoopauHaTbl KOTOPOWN HaxodsiTca Mo
q)opmynaM: > omx >mp >mz

R S e = S e S m

[TycTb Teno BpallaeTca BOKPYr HEMNOABMXXHOW OCU z C YrNOBOW CKOPOCTbLIO W (puc. 8.2).
[Npun BpallleHnn Tena abcomnoTHasA BEMMYMHA CKOPOCTU NIOOON TOYKU Tely, = @R, 1a
, TOTAA KMHETNYECKAs SHEPIUS PaBHE ™

T==S"m’ =l\_‘m w & =lm’V‘m R
e 23— J i

Pim

(8.8)

BenununHa, paBHad CyMMe npomsse,u,eHMﬂ MacCbl KaXXJOW TOYKN Ha KBaapar
paCcCTodAHUA OT OCW BpalweHund, Ha3blBaetTCd MOMEHTOM WHEPLINU /z TENAa
OTHOCUTEJIbHO OCHU z. /z — Mepa UHepLUWMKN TEla BO BpaLllaTtesibHOM ABUXEHUMN:

r=éf @, (8.9)
Guesun mumvieH | vinepuvvi viukHO NPeacTaBnTb B BUAE:

I =Mg, (8.10)
rae p,— paavyc nHepLnn Tena oTHOCUTENbHO OCK Oz, M — macca Tena.



=T
Puc. 8.2 Puc. 8.3
Teopema KeHura. KnHeTn4yeckas aHeprusd Tena, coBepLuaroLLero

nJsiockonapasrsernpbHoe AOBWXEHUE, pPaBHa CyMME KNHETUYECKUX aHeprvM
nocTynartesibHOIro ABM>XeHn4d t1efla CoO CKOPOCTbIO LEeHTPa MacC 1 BpallaTesribHOIo

OBWXKEHUA BOl T at - D Macc:

MoMeHT nHepuunm | TBEpAOro Tena OTHOCUTENbHO Kakon-nmbo ocu z paBeH MOMEHTY
MHepLun | 3TOro Terna OTHOCMTENbHO OCH, npoxoasiLlen Yyepes LIEHTP Macc Tena u
napannenbHOM OCU z, CINOXXEeHHOMY C Npou3BegeHMEeM Macchbl Tena Ha KBagpart
PaCCTOAHUA MeXay ocamMu d.

I =7 +md’. (3.12)

MoMeHTbI NMHePLUUNN HEKOTOPLIX NPOCTbLIX OAHOPOAHLIX Ten

1. OKpY>XHOCTb. BblYMCIIM MOMEHT MHEPLMN MaTepmanbHOW OKPYXKHOCTM paguyca R n
maccbl M oTHocuTensHo ee ueHTpa O (puc. 8.3).



[na atoro pasobbeM BCH OKPY>XHOCTb Ha DECKOHEYHO Marsible 3fieMEHTbI Maccon m.
Bce anemeHTbl HaxogaTca oT To4kn O Ha O4HOM PacCTOSAHUM R, NO3TOMY MCKOMbIN
MOMEHT ; _ s wri- R*Sm= MR, 813

2. TOHKM OUCK. IVIOMEHT MHepuun gucka pagumyca R u maccbl M oTHOocUTENbHO ero
ueHtTpa O (puc. 8.4) BblHMMCIMM criegywowum obpasom. Pasobbem guck
KOHLUEHTPUYECKMMN OKPY>XKHOCTAMW Ha arieMeHTapHbIe MNOCKMe Konbla paguyca r,
lwnpuHon - Ar. Maccy kornbua 0603Ha4ymmMm m. CKOMbIN MOMEHT MHEpUUN paBeH
CyMMe BCEX MOMEHTOB MHepL MK k%rheEenméprlx Kored;:

O603Ha4YnMM NOBEPXHOCTHYIO NIIOTHOCTb Yepes y, Toraa
M
s

[nowanb aneMeHTapHOro KonbLa npeacraBum B BUAE:

5 =2y,
TOIJA
m=2gxiy.

I =X 2aphy = |20pdy =

iy 3 .14
0 - (3.14)

Ar

/

Puc.8.4



3. Kpyrnein unnuHgp paguyca R, maccon M. Paszobbem Becb UMIWHAOP HA TOHKWE
anckn. MoMeHT nHepLummn ancka

mR?
2
rge m— Macca aAncka.
NckomMmbi MOMEHT nHepumn umnmHapa paBeH cyMmme MOMEHTOB WUHEPLUUN BCEX
=va:_R:\—1 =‘ﬁ

T ek S ;
S = T m= (8.15)

foé =

4. llap. BblumMcnmm MOMEHT UHepummn wapa maccon M n pagmycom R OTHOCUTESTBHO

"7 777 Tbo3HaunMm NnoTHOCTb, NPUXOASLLYHOCS Ha eanHNULY obbema p.

.'G =T
%

roe V — obrem mpa.
4aR

V=",
3

TOTTA
L%

o= i
4R’

Pa3obbeM Liap KOHUEHTPUYECKMMU cdhepaMn Ha BECKOHEYHO TOHKME cdepundeckme
crnou paguyca r 1 TonuwmHom Ar. Tak Kak BCe 4acTuubl CNOA HaxoOATCA Ha
AnIUAKOBOM PACCTOSHWUM OT LIEHTPa O, TO MOMEHT MHEPLNK CII0S1 paBeH

I,=Y mr



Obbem cdepbl paBeH:
V, =4
mMacca cdepbl:

m = 4darAre

Torga MOMEHT NMHEPLA LLapa paBEH:

I, =Y 4marthr = ]47r,a~‘dr = %;T,a?j
0
I 104CTaBIIAA 3Ha4Y€HUE P, NOoJTy4HnMm:

¥
I =§MR-‘. (8.16)

OndhepeHumnanbHoe ypaBHeHUe BpallaTenibHOro ABMXXEeHUA Tena

TBépp,oe TEJ1I0 MOXET coBepllaTb ABa MPOCTbIX ABUXEHUA: MNOCTYyNatesyibHoOE W«
BpawaTersibHOE BOKPYr HEMOABMXXHON OCHW. ,El,vlcbcbepeHu,manoe YpaBHEHUNE
NnocTynaTtesibHOro ABM>XxeHn4d nmeet BUa:

M_t=f (8.17)
rae M — mavea 1siia, 5, - unupuuio 4BWKEHUSA LEHTPA MAcC, . - MMaBHbI BEKTOP
BHELLIHMX CUI, JEWACTBYIOLLMX Ha TeNo.



[To aHanorm MOXHO 3anucatb anddepeHumanbHoe ypaBHEHME BpallaTernbHOro

j" ‘247 (818)
o5 ?‘. e

L

rae | — MOMEHT MHepumu TBEPAOro Tena OTHOCUTESIbHO HENoaABUMXHOU OCHU z, MZ —
rMaBHbI MOMEHT BHELLHUX CUI, AENCTBYIOLLNX Ha Teno.

HeTpygoHo 3ameTtutb, 4TO AudpdepeHumnansHoe ypaBHeHWe BpallaTernbHOro
OBWXKEHUA Terna rnoxoxe no d¢opMe Ha AaudpdepeHumnansHoe ypaBHEHME
nocTtynaresnibHoro aAsmxeHus. Npu BpaweHnn MOMEHT MHEPLIUM Tena UrpaeT porsib
Macchbl Mpu nNoctynaTenbHOM ,EI,BIs:‘;_@I/II/I, YrrioBO€E yCcKopeHune z =% - posib

¢ dt . .
YCKOPEHUNA , d MOMEHT BHELWHUX CUIT Mz — porb cunbl F , 4enCTBYOLLEN HA
TEeJO.




Jlekumnsa 9

KonebaTtenbHoe ABUXeHUe MaTepnanbHOU TOUYKMU
CBoOOAHbIE KONebaHusa 6e3 yyeta cun conpoTUBEHNN

PaccmoTtpum Touky M, OBMXKYLLYHOCA NPAMOSIMHENHO Nod OeNCTBMEM OOHOMN TOMNbKO
BOCCTaHaBnmBaloWwen cunbl F, HanpaBfiEHHOW K HenoaBWXXHOMY UeHTpy O u
NPONOPLIMOHANBHOW PAacCTOAHMIO OT 3TOro ueHTpa. lNpoekunst cunbl F HA ocb Ox
(pnc. 9.1) byaeT paBHa:

F =—x. (9.1)
OnddpepeHunansHoe ypaBHeHUe ABMXeHUA Todkn M nmveet crneayowwmm Bua;:

L ©.2)
ar’

[1e C — KO3MMULIMEHT >KECTKOCTU MPYXKMHbI [H/M], OH NMoOKasbiBaeT, KaKyk cuny
HeobXoaMMO NPUNOXUTb K MPY>KMHE, YTODbI PacTAHYTb UMW CXKaTb €€ Ha eANHULY
OJTNHbI.

PQ?”Q”"'D ATA \V/NAbUuAadia U9 m 14 Doy 0003HayeHune , ipuBegem ero K Bunay:
ax 3

—+k'x=0. (9.3)

att.

Puc9.1



YpaBHeHue (9.3) npeacTtasnsetr cobon anddepeHunanbHoe ypaBHeHNE CBOOOOHbIX
KoriebaHMn npu OTCYTCTBUM COMPOTUBAEHNA. PelleHne 3Toro JfMHEWHOro
O4HOpOAHOro andpdepeHunansHOro ypaBHeHUS BTOPOro nopsdx=<"1uyT B BUAE:
. Monoras B yp&=2_Huu (9.3) , NONy4YnUM AN OnMcaHua n Tak HasbiBaeMoe
XapakTepucTUyecKoe ypaBly: + i* = 0. MelLLee BUA;: . TaK KaK KOpHW®
3TOrO XapaKTepPUCTUYECKOTO YPaBHEHNS ABMNAKOTCSA YNCTO MHUMBIMK (n, ,=*ik), TO,
Kak M3BECTHO M3 Teopuu AnddepeHunancHbiX ypaBHEHMN, oOLlee pelleHue

x=Cisinkd+C, cosia, (9.4)

rae C 1 C, - nocTosiHHbIE VIHTerI/IpOBaHI/Iﬂ G =acose, Cy=asina
Ecnv BMECTO I, _ , i +a). (9.5)°1€ @ 1 a, Takue, 4To
,TO MOJYYNM:

YpaBHeHue (9.5) ecTb ypaBHEHUE rapMOHMYECKOro KonedaHus. To ecTb, B criyyae
NPAMOSIMHENHOIO OBWXXEHUA o4 AOeWCTBMEM BOCCTaHaBNMBalOWEW CUIbI,
NpPONoOpLMOHANbHOW PacCTOSAHUIO OT LEHTpa, MaTtepuaribHas Toyka coBepluaeT
rapMOHU4Yeckoe KorebaHue.

BennumHa a — Haubornblues, ~rknoHeHne Touku M oT UeHTpa O, HasbiBaetcs

aMmnnnTynoun KonebaHmnsa, aprymeHT Ha3blBaeTcAa (pason konebaHus, a
BENUYMHA 0 Ha3blBaeTCS HaYanbHom pasomn KorebaHus.

CKc\r\t\f\-rl TALIIZFIA FINIA FANRIALILAL IAAIZARA |rﬁn°6aH|/”/| OnpeﬂenﬂeTCﬂ rlo ¢OpMyﬂe
ax
V—E—a}ccocu(ki+ ) . (9.6)
G



[TpomMeXyTOK BpemMeHW T, B TeYEeHMEe KOTOPOro Toyka CcoBepLlaeT OA4HO MOoSiHoe
konebaHue, HasblBaeTcs nepuogom konedaHun. Mo ncredeHun nepuoga pasa
N3MeHdAeTCA Ha 21T, crieqoBaTeribHO kT=21T, OTKyaa rnepuoa

27
" 0.7

BenunuuHa v, obpaTtHaga nepuoay v onpegendwoLias 4ymcno konedbaHum, coBepLuaeMblx
3a OQHY CeKyHAy, Ha3bIBaeTCs YacToTom KoriebaHnn:

V=i=£=2)7ﬁE. (9.8)
1 &

BenuunHa k oTnnyaeTcs OT V TONMbKO MOCTOSAHHBbIM MHOXMWUTENem 217, TO eCTb 3Ta
BENMYMHa onpedensieT Y1cno MNomnHbiX konebaHunin, KoTopble CoBepLuaeT To4YKka B
TeyeHue 217 cekyHa. OTa BennymHa k Ha3bIBaeTCs KPyroBol 4acToTom konebaHus.

3Ha4yeHnsa a v a - onpenendrTcd No HavyanbHbIM YCroBuaM ABmKeHud. Cuntasa npu t=0
x=0 N v=v, NONY4nUM 13 (9.5) N % =asine, v, =ak csa,

oTcloga HaxoauMm:

a=, X'+,
k { (9.9)



Ntak, cBobOoOHble KonedbaHuss rMpu OTCYTCTBMW COMPOTUBIIEHMS obnagatoT
crenyroLwmmMmm CBOUCTBaMN:

1 amnnuTyga n HavanbHas gpasa konebaHnn 3aBUCAT OT HavaribHbIX YCITOBUM;

2 KpyroBasi yactota k, a crnegoBaTtenbHo, U nepuog T konebaHun OT HadarbHbIX
YCINOBUA HE 3aBUCAT N SBMAAITCA HEU3MEHHbLIMU XapakTEPUCTUKAMU OAHHOU
KorneonwoLlenca cuctemMsil.

BnusiHue noCcTossHHOU CUJbl HA CBOOOAHLIE KONebaHUsA TOUKHU

[TycTb Ha Touky M, KpOMe BoCCTaHaBnMBawLLEN CUsbl F, HanpasneHHoU K LueHTpy O,
OENCTBYET eLle M NOCTOAHHas Mo MOAYSo U HanpasneHuto cuna P (puc. 9.2). B
9TOM Crly4yae nosioxXeHnem paBHoBecus Toukn M Byget ueHTp 01, otcToawmn ot O

Ha paccTosiHun 00, =0, KOTOpOe ONPEeAEnsAeTCcsl PaBEHCTB( s _p nnn

D
Focm e (9.10)

BeJ'IVHVlH; U, asbiBaciun Clain4eCKUM OTKITOHEHUEM TOYKN.

I‘Ipvnwelvl LEeHTP 01 3d Ha4all0 OTCHEeTa, KOOPpANHATHYIO OCb 01X HarpaBmM B CTOPOHY
NEencTBUS CUnbl , Torga NoJTyHnm: F=-c(x+3.,) . Y‘-Il/lTbIBaﬂCC‘?"":‘D ,
noJ1yvanm ,qwq)cbepeHu,maanoe YpaBHEHNE OBMXXEHUA B BUOE:

— 1

d’x % b
M—=—X Wl — + X" x=0.
ar” ar’ 5
TO eLib nuLiuAntan wid P HE N3MeHdAeT XapakTtepa KonebaHuu, coBeplaeMblX
TOYKOW Nod AeUCTBMEM BOCCTaHaBMMBAIOLLEN CUIbl F, @ TONbKO CMELLaeT LEHTP
3TUX KonebaHunm B CTOPORHY ,D,GVICTBVIH cunbl P Ha BEJINHNHY CTaTUHECKOIo

OTKITOHEeHUSA 5cm.



C y4eTOMTOT0,4T0 X° = , BEIpaKeHH e (9. 7) IpUMET BUT,

md

T=2J?,,I 5

(9.11)
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Puc. 9.2

3aTtyxawLume KonebaHusa

[TycTb maTepuanbHas Todka M gBukeTcsa npsaMOSIMHENHO Mo ocu x. Ha Touky npu ee
OBWXEHUN OEeNCTBYIOT BOCCTaHaBnmBaroLwaa cunia F n cuna conpoTmeBrieHna R

(puc. 9.3). CumTas, 4TO cuna CoNPOTUBAEHNS MPOMOPLIMOHANEHA NEPBON CTeNeHN
R=-p=—p=3TI:

F,=-cx
, U - KOO PULMEHT CONPOTUBIIEHUS, , Mony4um
> ABUXEHNA B BUAE:
X rappeep B (9.12)
at’ a’ '
fowul-p,
m m
Pasgenus obe yactn ypaBHEHUS HA m U BBOAS 0603Ha4YeHns , npueBegem
ypaBHEHME K BUAY:
a’x ax

?+2b5+k’x=0. (9.13)



YpaBHeHue (9.13) npeacrtasndeT cobon andpdepeHumanbHoe ypaBHeEHNE CcBOOOAHbIX
KonebaHu npyn conpoTUBIIEHNN MPONOPLMOHANTIbHOM CKOPOCTU. Ero pelueHne, kak
N peLleHne ypaBHEHUS (9.3), ULLYT B BUOE x=2 . [loagcTaensasa aTo 3Ha4YeHME x B
ypaBHeHue (9.13), NoNy4YnM XapakTepucTUYEeCKoe YPaBHEHUE »* +2in+k2 =0 , KOPHU
KoToporo oyayT.
n,=-btJbi -k, (9.14) F R — ¥

O M

. Puc. 9.3
PaccmoTpum cnydan, korga k > b, TO €CTb KolAd ColpPOInBIIEHME Maro MO CPaBHEHMUIO C

BOCCTaHaBnuBatwLlen cmnon. Beegem obo3HaveHue:
oy =k =B, (9.15)

nony4um us (9.14), 4to n,=-btik, , TO €CTb KOPHWN XapaKTepPUCTUHECKOro ypaBHEHUs
SABMAKTCSA KOMMNIEKCHbIMU. loraa pelleHne ypaBHeHus (9.13) byaet MMeTb BUA;:

x=e¢  (C] ankt+ C, coskgt) (9.16)

NN, NO aHarornum c paBeHCTBOM (9.5),

x=ae” " an(igl+ ). (9.17)

BenMMUYnHbl @ N a ABNAKTCA MNOCTOAHHLIMW UHTErPUpPOBaHUA U onpenensrTca Mo
HayanbHbIM YCITOBUSAM.



KonebaHusi, npoucxogsiwime no 3akoHy (9.17), HasblBalOT 3aTyXxallnMKM, Tak Kak
bnarogaps Hanuuuio MHoxutens e sennunHa x = OM ¢ TeyeHVEeM BpemeHu
yObIBaeT, CTPEMSCH K HYIH0. [paduk aTnx konedaHum nokasaH Ha puc. 9.4.

[MpomexyTok BpeMeHU T, paBHbIA NEePUCsin( &yt +a) , Ha3blBalOT Nepnoaom
3aTyxatomx konebaHum:
27 27
A s

Ecnu ydecTb paBeHCTBO (9.7), hopmyny (9.18) MOXHO NpeacTtaBuUThL B BUAE:

r-—2% __ T\zr[nn,si—;} (9.19)

le-b_j JI—L
i e
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Puc. 9.4



N3 nony4yeHHbIX 3aBUCMMOCTEW BWOHO, 4TO T1> T, TO ecTb npu Hanu4um
COI'IpOTI/IBJ'IeHI/Iﬂ nepuvon KonebaHunm HecKomnbko yBenuumeaetcsa. Ho ecnu

conpOTMBneva’ Mano (b<< k), TO BENMMYNHON NO CPaBHEHWIO C eaunHULIEN
MOXHO npeHebpeqb ncumtatb 1 ~T.

[lpOMeXyTOK BpeMeHn Mexagy nOBYMA nocrenoBatesfibHbIMU - OTKIOHEHUAMMU
konebniowlencs Toukum Takke paseH T . CnefgosaTenbHo, ecnu nepeoe
MaKCUMarnbHOe OTKMOHEHWe x, Nj&7y = 27TIT B MOMEHT BPEMEHU t, TO BTOpOe

-3

x, = ae ™% sin( kt, + ), IeHT t, = t+ T, 1 T. A. Torda, yuuTblBasi, 4To
x, = ae "W W gin( kot + 5T+ @) = xet
xn+1 = xne-v}l
AHanorm4yHo Ans nioboro OTKNOHeHWs x . OyneT . Tie®™M 0Opasom,

abCONIOTHbIE 3Ha4YeHUss OTKITOHEeHWW Konebnwowernca Todkn M oT ueHTtpa O
yObIBalOT MO 3aKOHYy reoMeTpudeckol mnporpeccun. 3HameHaTenb 3TOoW
nporpeccuu Ha3blBaeTCA OEeKPeMEeHTOM 3aTyxalolmx KorebaHui, a

HaTypanbHblA  norapudm  AeKpemeHTa — BenuuuHa bT,, HasbiBaeTcs
norapuddMnUYecKnM JEKPEMEHTOM.

N3 NOJNMYHYEHHbIX pe3yJibTaToB ClieqyeT, YTO Maloe COonpoTnBJiIEHUE MNMOYTU HE BITUAET
Ha rnepmoa kornebaHn, HO BbI3bIBAET UX NOCTENEHHOE 3aTyxaHue.

B cnyuasx, korga b> k unuv b= k, OBMXEHNE TOYKUN SBNSETCH anepuoanYeckum, To ecTb
OHO Y)Xe He UMEET XxapakTepa kornebaTenbHOro ABMKEHMS.



NMoHATHe O BbIHYXAOEHHbIX KonebGaHusx

[TycTb Ha Touky M, OBMXYLLYIOCA MO OCU X, KpOME Cunbl F , nponopunoHanbHOU
PACCTOAHMIO X, N CUSIbl COMPOTUBMNEHNSA cpeabl , MPONOpLUOHaNbLHON CKOPOCTH,
OENCTBYET eLlle U nepuoanyeckn nameHsawwaaca cuna Q (puc. 9.5), npoekuuns

0 =Hsinpt. (9.20)

Cuny Q HasblBaloT BO3MYyLLaOLWEN cunon, a konebaHus, npoucxoasaiume nop aewn
CTBMEM 3TOW CUIbI, HA3bIBalOT BbIHYXXAEeHHbIMWU. BennumnHa p B paBeHcTBe (9.20)
ABMNAETCHA YaCTOTOM BO3MYLLIAOLLIEN CUTTbI.

! 2 : IMs Toukm M nmeer Bua;:
mE X e n &y Fbin( o) (9.21)
at? at ' :
i
besd
Pa3nenvs obe yacTu 9Toro ypaBHeHWs Ha m U 0603Ha4MB , NpvBeaem
vimAaPniiALian (O 291\ s mianns.
%+ %%m‘x:hsm@r). (9.22)

0 M
Puc. 9.5



OTO eCcTb JIMHeWHoe AudpdepeHunanbHOe YypaBHEHME BTOPOro nopsigka c
NOCTOSIHHBIMU KO3dhdbUUMEHTaMIN N C NPaBON YacTbio OTNKMYHOWM OT HynsA. OOLee
peLLeHne 3TOro YypaBHEHUS MOXHO MNpPE *=% +X., 3 BUAE:

rae x, — obLlee peweHne ypaBHeHunsa (9.22), HO 6e3 NnpaBown 4YacTu, TO eCTb Npun b< k
9TO pelleHne nmeet Bua (9.17), a x, — kakoe-nnbo YacTHoe pelleHue AaHHOro
yPaBHEHUs. PeLleHune x, | x, = Asin(pi- 8).

Toraa, o6mee peweHne nmq)cbepeHumaanoro YpaBHEHNA, AOakwero 3akKoH
AOBUNXEHNA MaTepmaanoM TOYKN MNMPU HATITU4YNN Bo3myu_|,a+ou_|,e|7| CUIbI, 6yp,eT MMETb
x=ae” an(il+ )+ Asin(pt - 8), (9.23)

roe a n a ABJNAKTCA NOCTOAHHBbIMU MHTETPNPOBaAHNA U onpeaendarnTcd Mo Ha4vallibHbIM

n ‘onpenenarTcd no cbopmynaM:

qf(k: —p’\}"+4b3p’\ 4 (924

2bp
Igf = ——.
£ gy

A:

N3 aHanusa ypaBHeHuI (9.24) crieayeTt, 4YTo Hanbonbluero 3HadeHuss amnnutyaa
BbIHY)XAEHHbIX KonebaHuin AocTuraetr npu p=k, TO ecTb B TOM cliy4yae, Korga
YyacToTa BbIHYXAEHHbIX KonebaHuin paBHa YacToTe CBOOOAHbLIX KorebaHuin TOUKK,
coBepLUaeMbIX Nof AeNCTBUEM TONbKO BOCCTaHaBNMBAIOLLEN CUMbl. DTOT crnyyan
COBMaJEHNs YacTOT BbIHY>XXOEHHbIX U CBOOOAHbLIX KONebGaHWi HOCUT HasBaHue
pe3oHaHca. fABrneHne pe3oHaHca XxapakTepHo TeM, YTO B 9TOM crydYae amnnuTyaa
konebaHui TOYKN A0CTUraeT 3Ha4yeHus!, Brn3Koro K MakcmanbHOMY.



0 JI{ iy ~
O603Hauum “ =— - cTaTM4yecKkoe CMeLLeHNe MaTepuanbHON TOUKK nog AeNCTBUEM

NOCTOAHHOW cunbl. Torga n - KoadPUUMEHT ANHAMUYHOCTU MOXHO OnpenenunuTb

U3 BblpaXeHns ,
g: _—

Ay

BbiHy)XaeHHble KonebaHusa obnagalT crneayrolyMy  BaXKHbIMKM - CBOWCTBaMM,
OTNMYaLWNMU UX OT COOCTBEHHbIX KONlebaHUM TOYKU:

1 AMNNuTyaa BbIHY>XAEHHbIX KorebaHui OT HavanbHbIX YCITOBUIA HE 3aBUCKT.
2 BbIHY>XaeHHble KonebaHusa Npy HanUYMmn CoONPOTUBIIEHNS HE 3aTyXaloT.

3 YactoTa BbIHYXOEHHbIX KonebaHuin paBHa 4acToTe BO3MYyLLlalOLEW cuibl U OT
XapakTePUCTUK KOoNebsowencs cUcTteMbl He 3aBUCUT, TO €CTb BO3MYyLlatloLLas
cusa «HaBA3bIBAET» CUCTEME CBOK YacTOTy KorebaHun.

4 [axe npu Manou BO3MyLlalOWENn cune MOXHO MNonyyYnTb WHTEHCUBHbIE
BbIHY>XOEHHbIE KoriebaHuns, ecrnn conpoTuBrieHMe Marno, a Yactota p bnuska K k
(pe3oHaHc).

5 Jaxe npu 60nblUNX 3HAYEHUAX BO3MYLLAOLLEN CUMbl BbIHY>XAEHHbIE konebaHus
MOXHO cAenaTb CKOMb YrOAHO MarbiMn, eCnu YacToTa p OyaeT MHOro MeHbLLE k.

(9.25)



