AnrebpanyeckKkue
YpaBHEHMUS
NPON3BOJIbHbIX
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1. BBeageHue

BCAKUM LWIKOJIbHUK, NpEXae BCEro, YMEET pellaTb YPaBHEHUE NEPBOM CTEMEHU: €C/IU
AaHO ypaBHeHWe ax+b=0, rae a=0, To ero egMHCTBEHHLIM KOPHEM ByaeT uncno x=b/a.

LLIKONbHUK 3HaeT, TakXxe, (bOpMy}'Iy ANnAa peweHnAa KBagpaTtHOro ypaBHeHMA:

—-b+Vb“—4ac

ax?+bx+c=0, rae a=0. UMeHHO, *=—;

Ecan ko3 dUUMEHTBI ypaBHEHMS - AEUCTBUTENbHBIE YMCNA, TO 3TA bopmyia AAET ABa
Pa3/IMYHbIX AEMCTBMUTE/IbHBIX KOPHA, KOrAa noj 3HaKOM pajauKkasa CToMT
NoJIOXUTENIbHOE YnCIIo, T.€. b%-4ac>0. Ecnm ke b?-4ac=0, TO Halle ypaBHEHUE MMEET
JLLb OAMH KOPEHb; €ro HasblBaloT B 3TOM C/lydae KpaTHbIM KOpHeM; npu b?-4ac<0
ypaBHEHME BOOOLLE HE MMEET AEUCTBUTE/IbHBIX KOPHEMN.

HakoHel,, LWKONbHUK YMEET peLlaTb HEKOTOPbIE THMbl YPABHEHMIM TPETbEN U YETBEPTOM
CTENEHEN, @ UMEHHO Te, pelLeHNE KOTOPbIX JIEFKO CBOAMUTCS K PELUEHMIO KBAaAPaTHbIX
ypaBHEHMMN. [IPUMEPOM MOXKET CYKMTb YpaBHEHME:

ax3+bx?+cx=0, KOTOpoe MMeeT 0MH KopeHb Xx=0, a 3aTeM Moc/ie COKPALLEHNUA Ha X
npeBpalLaeTca B KBaJpaTHoe ypaBHeHUe: ax?+bx+c=0.

K KBagpaTHOMY YpaBHEHMIO TaKkKe CBOAMTCA YPaBHEHWE YETBEPTOMN CTEMEHM:
a%/4+by2+vc=0, Ha3blBaeMO€e OMKBaApaTHbIM; A4OCTATOYHO MOJIOXKMTb B 3TOM YPaBHEHUM
y“=X, HaUTH1 KOPHU MOJIY4EHHOIO KBaZpPaTHOr0 YpaBHEHMS U 3aTEM U3BJIE€Yb M3 HUX
KBaZpaTHbIE KOPHM.



2. KoMnaeKcHble Yncia

[loTPE6HOCTb B KOMMJIEKCHbIX YMC/IaX BO3HUK/IA B CBA3U C TEM, YTO M3 OTPULLATE/IBHOrO
AEMCTBUTE/IbHOrO YMC/IE HEJlb3A M3BJIEYb KBAAPaTHbIN I-(OpeHb OoCTaBasACb B 06/1aCTH
AEUCTBUTEIbHBIX YMCEN. ITO, KaK Mbl 3HaeM, MPMBOAUT K TOMY, HYTO HEKOTOpbIe
KBaZpaTHble YypaBHEHMSA He MMeIOT ,D,eVICTBMTeanbIX KopHeW; ypaBHeHue x%+1=0 6yaeT
NMPOCTEMLIMM M3 TAKMX YPAaBHEHUM. Henb3s M pacluMpuTh 3anac YMcen Tak, YTobbl 3TU
ypaBHEHMA 061a4a/1M1 KOPHEM?

LLIKOSIbHMKY HECKOJ/IbKO pa3 NPpMX0AM/I0Ch BCTPeYaThCA C pacliMpeHnem Toro 3anaca
Yymces, KOTOpbIM OH pacnonaraeT. OH HaYMHa/ C U3y4YeHMA B SIEMEHTAPHOM
apmcheTMKe LieNibIX MOJIOKMUTENbHbIX Yncen. O4yeHb CKOpPO NOABUAUCH M Apo6u. B
Kypce anre6pbl 6b11M Ao6aBieHbl oTpMUaTeibHble Yncna, T.e. bblaa nosydeHa
CMCTEeMa BCEX palMoHabHbIX Ynces. HakoHel, npucoeaMHEHUE MpPaLMOHA/IbHbIX
YymMcen NpUBEJIO K CUCTEME BCEX AENCTBUTEbHbIX (Mnm BELLECTBEHHbIX) YMCEeN.

Kaxaoe 13 aTMx nocnegosaTte/ibHbIX paclUMpeHMiA 3anaca YMce No3BosAN0 HAXOAUTb
KOPHM [/1 HEKOTOPbIX U3 T€X yPaBHEHMIA, KOTOPbIE paHblle, 40 pacCMaTpPMBaeMOro
pacLUMPEHUSA, KOPHEN He MMesn. TaK, ypaBHeHMe 2x-1=0 cTasio 06/1a1aTb KOPHEM
JMILb nocsie BBeAEHUA apo6en, ypaBHeHMe x+1=0 - nocne BBeAEHMA OTPULIATEIbHBIX
yncen, a ypaBHeHue x2-2=0 - nuLlb Nocae NpUCoeaMHEHUS UPPaLIMOHA/IbHBIX YUCEN.

Bce 310 BnosiHe onpasAbiBaeT ewweé oAMH Liar Ha NyTu oboralleHra 3anaca Y1cen, u
Mbl B OBLLMX YMC/TAM HAMETUM CEMYAC, KaK 3TOT NOCAeJHMM Lar OCyLEeCTB/IAETCS.



puc.1

Kak 1M3BecTHo, ecnm AaHa NpAMas JIMHMA U Ha HEW JaHO NOJIOXMTENIbHOE HanpaB/eHMe,
oTMeueHa Touka O 1 BblbpaHa eanHMLA MacluTaba (puc. 1), TO BCAKOM ToUKe A Ha
3TOM NPAMOMN MOXKHO NOCTaBUTb B COOTBETCTBME €€ KoopAuHarty, T.e.
AENCTBUTENbHOE YMC/I0, Bblpaxkalollee B BbiIGpaHHbIX eAMHMLAX MacluTaba
pacctoaHue oT A go O, ecam A nexuT B NOJIOXKUTENIbHOM HarnpasBiEHNU
OoTHocuTenbHo O, MM pacCTOAHWE, B3ATOE CO 3HAKOM MUHYC, €C/I1 A JIEKUT B
OTpULATE/IbHOM HarnpaBiaeHKn oTHOCUTe/IbHO O. BceM TouKaMM NPAMOM TakMM NYTEM
CTaBATCA B COOTBETCTBUE Pa3/IMyHbIe JeMCTBUTE/IbHbIE YMCIa, MPUYEM MOXKHO
/lOKasaTb, YTO BCAKOE AEUCTBUTE/IbHOE YMCJIO0 BYAET NPU 3TOM MCMOJ/Ib30BaHO.
MO¥HO cuMTaTh, Clej0BaTe/IbHO, YTO TOUKM HaLLEN NPAMOMN ABNAIOTCA
M306pa>KeHMFIMVI COOTBETCTBYIOLIMX MM AEUCTBUTE/IbHbIX YMCEN, T.€. YTO 3TU YMCa
KaK Obl YNI0XKEHbI Ha NPAMYIO JIMHMIO. Ha30BEM Hally NPSAMYI YMCI0BOM MPAMOMN.

Henb3s M paclumMpuTb 3anac YMcen TaK, YTo6bl HOBbIE YMC/1A CTOJIb e
eCTeCTBEHHbIM 06pa3oM M306pa3m/ImMCh TOYKaMM MIOCKOCTH? TaKOM CUCTEMbI YMCer,
60/1€€ LUMPOKOM, YEM CUCTEMA AENCTBUTEJIbHBIX YUCEN, Y HAC MOKA HET, €€ HYXKHO
MOCTPOMUTb.

MocTpoeHue cneayeT HavyaTb C YKa3aHMA TOro, M3 Kakoro «maTepuana» byaet
«CTPOMTbCA» HOBAA CMCTEMA YMCEN, T.€. KaKMe 06beKTbl BYAYT UrpaTh poJib HOBbIX
YyMCesl, a 3aTEM HYKHO OnpeAemTb, KaK HajJ 3TUMU O6BEKTAMMU, T.€. Haj STUMM
OYAYLIMMU YNCNAaMM, JOJIXKHbI NMPOM3BOAMTLCA a/irebpamyecKkme onepaumm -
C/IO’KEHUE U YMHOXKEHME, BblYMTaHUE U AeNieHne. TaK Kak Mbl XOTUM MOCTPOUTb
TaKMe YMcsia, KoTopblie 6bl M306paxKasiMCb BCEMM TOYKAMM MIOCKOCTAMM, TO MpoLLe
BCEro CaMM TOYKM MJIOCKOCTM pacCMaTpMBaTh B Ka4eCTBe HOBbIX YMCEI. ,ﬂ,ﬂﬂ TOro,
YTOBbI 3TU TOYKU AENUCTBMTENIBHO MOT/IM 6bl CYMTATLCA YMCAMM, CIeAYeT JULLb
onpefennTb, Kak NPOM3BOAMUTb Haf HUMM anrebpanyeckme onepaumm, T.e. KaKas
TOYKA A0/IXKHa Ha3blBaTbCA CYMMOM ABYX TOYEK MJIOCKOCTU, KaKas - MPOMU3BEEHUEM
UT. 4.



MoA06HO TOMY KaK MOMIOXKEHME TOUYKM HA NPSAMOM BMOJIHE ONpPeAeNseTca OJHUM AeNCTBUTENbHbBIM YACSIOM - €r0
KOOPAMHATOM, MOJIO¥KEHUE BCAKOM TOYKM Ha NJIOCKOCTU MOXKET 6bITb ONpeAeeHo Napor AeUCTBUTE IbHbIX
ymcen. [Ansa 3Toro BO3bMEM Ha NJIOCKOCTM [1BE B3aMMHO NepPrneHAMKYIApHbIE NPSAMblE, NEpPECEKaloLLMecs B
Toyke O, M Ha KaXKAoM M3 HMX 3aJaJMM MOJIOKMTENIbHO HaMpaB/IEHWE M OTMETUM eauHMLY MacluTaba (puc. 2.)

A
a Puc. 2.
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Ha30BEM 3TM NpsAMblE OCAMM KOOpPAMHAT, B YaCTHOCTU, FOPM30HTA/IbHYIO MPSMYIO - OCbo abCLMCC, BEPTUKAIBbHYIO -
0Cblo opAMHaT. TakMM 06pa3om, BCA NJIOCKOCTb Pa3bMBAETCA OCAMM KOOPAMHAT Ha YeTbipe YeTBEepTU, KOTopble
HYMEPYIOTCS TaK, KaK yKa3aHO Ha pUCYHKe.

MonoxkeHne Nobon TOYKM A U3 NEepBOM YETBEPTU BMOJIHE ONPeAeNseTcs 3aJaHMeM ABYX NONOKUTE/bHbIX
AENCTBUTE/IbHBIX YUCEN - YUCNA A, BblparKatolLlero B BbIGpaHHbIX eMHMULAX MacluTaba paccTosHME OT AaHHOM
TOYKM A0 OCM OpAMHAT (abcumcca ToYKM A), 1 ymMcna b, Bblpaxkatowero B BblIopaHHbIX eAuHULAX MacluTaba eé
paccTosiHMe 0 0CM abcumcc (opAauHaTa Todku A). O6paTHO A8 Nto6oM napbl (a,b) NOAOKMTENBHBIX
AENCTBUTE/NIbHBIX YUCEN MOXKHO YKa3aTb B MEPBOM YETBEPTM BMOJIHE ONPEAENEHHYI0 TOYKY, MMEIOLLYIO a CBOEMN
abcumccon u b - cBoer opaMHATOM. AHAIOMMYHO 33al0TCA TOYKU U B ApYrmx YyeTBepTax. OAHaKo, ANA Toro
4YTOGbI 06eCcneyYnTb B3aMMHYH OAHO3HAYHOCTb COOTBETCTBUA MEXKAY BCEMMU TOUKAMM MIOCKOCTM M Napamm UX
KoopAamHar (a,b), T.e. usbexaTb TOro, YT0O6bl HECKO/IbKMM Pa3/IMYHbIM TOYKAM MJIOCKOCTU COOTBETCTBOBAsIA
O4Ha M Ta e napa KoopauHart (a,b), Mbl cuMTaem oTpmuaTeENbHbIMU abCUMUCChI TOYEK, Nexalmx B YetBepTax i
u lll, 1 opaMHaTbl TOYEK, nexawmx B yetBepTax Il 1 VI. 3aMeTmMm, 4YTO TOYKM, JeXalme Ha ocu abcumcc,
3a4aKTCA KoopanHatamu Buga (a,0), a TOYKM, Nexalime Ha oCM opamHaT, - KoopamMHaTtamu Buaa (0,b), rae a m
b -HeKoTopble AENUCTBMUTE/IbHbIE YNCIA.

MycTb HAa NJOCKOCTU AaHbl TOYKM (@,b) U (¢,d). o cMx nop Mbl He 3HaNM, YTO CaeayeT noapasymeBatb Mo
CYMMOM M NPOU3BEAEHMEM ITMX TOYEK. HA30BEM TEMEPb MX CYMMOM TOYKY C abCLMCCOM a+C M OpAMHATON b+d,
T.€. (a,b) + (c,d) = (a+c,b+d).

Ha30BEM, C Apyroi CTOPOHbI, NPOM3BEAEHMEM 3alaHHbIX TOYEK TOYKY C abcumccom ac-bd 1 opamHaTtom ad+bc,

T.€. (a,b)-(c,d) = (ac-bd, ad+bc).



MycTb BCAKaA TouKa (a,0) 0cM abCUMCC CTYXKMT M306paKeHMeM AeUCTBUTEIbHOO YMCa a -
CBOEM abCUMCChI, T.€. OTOXAECTBMM TOYKY (a,0) C CAaMMM YMCJIOM A, TO OCb a6CLMCC MPOCTO
NPEBPATMTCA B YUC/IOBYIO MPAMYI0. Mbl MOXKEM TENEPb CUYMUTATD, 4yTo NOCTPOEHHAA HaMM M3 TOYEK
MJIOCKOCTM HOBasA YMCI0Bas CUCTEMA COAEPIKMT, B YACTHOCTU, BCe AEMCTBMUTE/IbHbIE YMCA, A
MMEHHO B KayecTBe ToYeK ocu abcumcc.

TOYKM OCU OpAMHAT Y3KE HE MOTYT BbiTb OTOXAECTBAEHbI C AENUCTBUTEIbHBIMMU YMCIAMM.
PaccMmoTpum, Hanpumep, Touky (0,1), nemam,yro Ha 0CK OpAMHAT Ha paccTosHUM 1 BBEPX OT
TOYkM O. O6o3HaqMM 3Ty TOYKY 6yKkBOM i: i=(0,1), MU HAMAEM €€ KBagpaT B CMbIC/IE YMHOKEHUS
Touyek naockoctu: i2=(0,1)(0,1)= (O -0-1-1,0-1+1- O) (-1,0).

Touka (-1,0) nexut, ogHako, HE Ha 0CW OpAMHAT, a Ha ocK abcumcc 1 No3ToMy M3obpaxkaeT
JIENCTBUTEJIbHO qmcno -1, T.e. i%=-1.

Mb! Hawnu, cnesjoBaTebHO, B Hallel HOBOM YMC/IOBOM CUCTEME TaKoe YMC/I0, KBaJpaTt
KOTOPOro paBeH JeMCTBUTE/IbHOMY YMCAy -1, T.e. Tenepb yxe MOXHO M3BneKaTb n3 -1
KBaJZlpaTHbIM KOPeHb. JpyrMmM 3HaYEHUEM 3T0rO KOpHA byaeT Touka i = (0, -1).

MocTpoeHHas HaMM YMC/I0Bas cMCTeMa, 60J1ee LIMPOKaA YeM cucTemMa AeUCTBUTEIbHBIX YMcer,
Ha3blBaeTCA CUCTEMOM KOMMJIEKCHbBIX YMCEN, @ CaMM TOYKM MJIOCKOCTU C OnpeaenEHHbIMM Bbllle
onepauuaMM HaZl HUMU -KOMMIEKCHbIMM YMCaMM. JIerko nokasaTb, MCMONb3yA 3TW onepauum,
‘-ITO BCAKOE KOMIMJIEKCHOE YMCJI0 MOXKET BbITb BbIpAXKEHO Yepes AeMCTBMTEIbHbIE YMCIA U YMCIIO

i. [lycTb, B cCaMOM fene, gaHa To4Kka (a,b). BBuay onpegeneHua cnoxkeHmsa cnpaBeamBo
paBeHCTBo (a,b)=(a,0)+(0,b).

Cnaraemoe (a,0) NexUT Ha 0CK abCLUMCC M NOSTOMY ABASIETCS AEUCTBMTE/IbHBIM YMC/IOM a.
1(3501poe e c/laraemMoe MoXKeT ObITb 3anMcaHo no onpegeneHuto ymHoxenusa B suge (0,b)=(b,0) -

1)

MepBbi MHOXMTENb NPABOM YaCTU 3TOrO0 PaBEHCTBA COBMAAAET C YMCIOM b, a BTOPOM paBeH i.
TaknMm o6pasoM, (a,b)=a+b - i, rae cnoxeHue M YMHOXKEHUE HY>KHO NOHMMATb B CMbIC/IE
onepaumu HaZ TOYKamMM NJIOCKOCTM.

Monyums 3Ty 06bIYHYIO 3aMMCb KOMMIEKCHBIX YMCE/, Mbl CEMYAC K MOXEM COOTBETCTBEHHO NepenncaTh NpMBEAEHHbIE BbilLe
dopMyJibl A9 onepaLmii HaJl KOMNJIEKCHbIMM YMCIaMM:

(@+bi)+ (c+di)=(a+c)+ (b+d):-i
(@+b-i)-(c+di)=(a-c)+(b-d) -i;
(@ + bi) - (c +d-i) =a-c+b-ci+a-di+b-di? = (a-c - b-d) + (b-c + a-d) -i;

a+b-i_a-c+b-d b:c—a-d
T T T R e R

sl



* 3. U3BneuyeHue KopHeM, KBagpaTHble
aBHEHMA

Pacnonaraa KOMNAEKCHbIMMU YUCIAMM, Mbl MOXXEM M3BJIEKATb KBaﬂ,paTHbly Op€eHb He TOJIbKO U3 YnCia - -1, HO
U 13 I106Oro Apyroro otpuuatesibHoro ,D,eMCTBMTeﬂbHOFO Yyncna, npmqu 6yp,eM noJsziydatb ABa pa3J/iMYHbIX
3HayeHuA. MIMeHHo, ecn -a eCcTb oTpMuaTesibHOE ﬂ,eMCTBMTe}'IbHOG yucno, T1.e. a>0, 10

V—a=ta-i

rVa - NOJIOKMTE/IbHOE 3HAYEHUE KBAZAPATHOrO KOPHS M3 NOJIOXKMTE/IbHOIO YMCAa a.
Bo3Bpallasnch K peLueHMio pacCMaTPUBABLLErOCS BO BBEAEHWMM KBaZpPaTHOr0 YpaBHEHMSA C AEMCTBUTEIbHbIMM
Ko3dPHLUMEHTAMM, Mbl MOXKEM TENEPb CKa3aTb, YTO U B C/lydae 3TO ypaBHEHME MMEET ABa Pa3/IMYHbIX KOPHS,

HO Y>X€& KOMIJIEKCHbIX.
KoMnneKcHbIX YMcen 4OCTaTouHO M /1S TOTO, YTO6bI U3B/IEKATb KOPHM M3 /I0OLIX KOMMIEKCHbIX YMCEe.
MMeHHO, eCcn AaHO KOMMNAEKCHOe YMCo a+b-i, 1o

+b- l—mj) gl%—\az-i—bl) \nga+\az+b2])
rae oba pasa 6epércs nonommenb @ 3Ha4yeHue paaukana JIHO, KOHEYHO, YTO MPM 0BbIX 3HAYEHMSAX a
M b 1 nepBoe cnaraemoe nNpaBoM YacTU U KOIDDULMEHT i BYAYT AEUCTBUTENbHBIMU YMCNaMK. KaxKabIM U3 3THX
ABYX [t))ap,MKanOB MMeET /1Ba 3HAYEHMS, KOTOpPble KOMBMHUPYIOTCS ApYr C APYroM Mo CleAyioliemy npaBuy:
ecm b>0, To NoNOXKUTENbHOE 3HAYEHME OJIHOrO pajiMKaia CK/IalbiIBaETCA C NOJIOKUTE/IbHbIM 3HAYEHUEM
JIpYroro, a oTpuLiaTe/IbHOE - C OTPULLATE/IbHBIM; €CU 3Ke b<0, TO NONOXKMTENbHOE 3HAYEHUE OAHOro pajuKana
CKJIaZIbIBAa€TCA C OTpULIATE/IbHBIM 3HAYEHUEM APYroro.

Mpumep. M3BneYb KBaapaTHbIM KOpeHb U3 uncna 21-20-i. 3pecs:

va? + b? =441+ 400 = 29,
1, (a+VaZ+b?) = J% (21+29)=5,

T. K. b= -20, 1. e. b<0, TO KOMOGMU : ; 10B C pa3HbIMMU 3HaKaMu, T. €.
\JIE. (—a + \i"az + bZ) = \/E - (—21 + 29) =2

V21—20-i=+(5—2"i).



Mepexoasn K Bornpocy 06 M3BJ€YEHMM KOPHS U3 JID60M Le/I0M NOMOKUTEIbHOM CTEMNEHMU N U3
KOMMJIEKCHbIX YMCEJT MOXKHO [I0Ka3aTb, YTO A5 ID60ro KOMMJIEKCHOMO YMC/la d CYyLIeCcTByeT
POBHO N TaKMX Pa3/IMYHbIX KOMMJIEKCHbIX YMCEJT, YTO KaXK0E U3 HMUX MNPU BO3BEAEHUU B N-10
cTeneHb, AAET YMCo d. MHbIMM C/IOBaMM CnpaBea/iMBa Cleaytolas 04eHb BayKHas Teopema:

KopeHb n-U cmeneHu u3 1106020 KOMNJIEKCHO20 YUC/1IA UMEem POBHO N PA3/iuYHbIX
KOMNJIeKCHbIX 3Ha4YeHuuU.

JTa TeopeMa NpMMeHnMa U K AeMCTBMTeﬂbeIM YM1CaM, KOTOpbIE ABJIAOTCA HaCTHbIM C/lyHaeM
KOMMJIEKCHbIX YMCEJI: KOPEHb N- M CTENEHMU U3 ,Cl,el/ICTBMTe}'IbHOFO yucna A umeet POBHO N
pa3/IN4HbIX 3Ha'-IeHl/Il/I B o6LLEM cZlydae KOMMNNEKCHDbIX; AGMCTBMTGJ’IbeIX cpean 3TnX 3Ha‘-IeHMI4
KaK N3BECTHO, 6y,u,eT ABa, OHO MJIM HX OA4HOIo B 3aBUCMMOCTM OT 3HaKa YMCRA A 1 YETHOCTH
Yncsia n. 2 2

TaK, Ky6UYHbIM KOPEHb M3 eAMHULbI UMEET TPU 3HaYeHMA: 1,

NErKo NPOBEPAETCSA, YTO KaX/oe U3 3TUX TPEX 3HAYeHUM , B3ATOE B Kybe, AaéT eauHuMLy.
3HaYEeHMAMM KOPHA YETBEPTOM CTENEHM ANA €AMHMLbI ABAAIOTCA YMCIA 1, -1, im-i.

Bbile 6bi1a npuBeAeHa hopmyna ANs U3BEYEHMA KBAPATHOrO KOPHS M3 KOMIMJIEKCHOIO
yMcna a+b-i. 3Ta hopmyna CBOAUT M3BNEHEHUE YKA3aHHOTO KOPHA K M3B/IEHEHUIO KBaAPaTHbIX
KOPHeW 13 ABYX MOJIOXUTE/bHBIX JeMCTBUTENbHBIX YMcen. K coxanenuio, npu n>2 He
cyujectsyeT oOpMy/ibl, KOTOpas 6bl BbipaXasa KOPeHb N-M CTENEHM 13 KOMM/IEKCHOTO UMc1a
a+b-i yepes fencTBMTENbHbIE 3HAYEHUA PaAMKA/IOB M3 HEKOTOPbIX BCMOMOraTe/IbHbIX
OENCTBUTEIbHbIX YMCEeN; AOKA3aHO, YTO Takasa (POpMy/a M HE MOXET 6biTb noayyeHa. KopHu n-
M CTEMEHM M3 KOMIMIEKCHbBIX YMCEN M3BJIEKAIOTCA, KaK NpaBm/o, MyTéM nepexoja K HOBOM
3amnmcK 3TUX YUCEN, T.H. TPUTOHOMETPUYECKOM.




4.KybMn4Hble ypaBHEHMUS

MycTb AaHO ypaBHeHMe x3+a-x?+b-x+c=0. [peobpasyemM 3T0 ypaBHEHME, NOJIOKMB X=Yy-a/3, rae
y- HOBO€E HemsBecTHoe. [oACTaBUM 3TO BblparKEHME X B Halle YpaBHEHUE, Mbl MOYYUM KYBUYHOE
ypaBHEHWE OTHOCUTE/IbHO HEKOTOPOro HEM3BECTHOTrO Y, NPUYEM 6oslee NpocToe, T.K.
KO3 MDULMEHT NpU y? OKAXKETCA paBHbIM HY/M0. Ko hHUMEHTOM Npu NepBoOM CTENEHU Y U
CBOGOAHbIM YJIEHOM BYAyT COOTBETCTBEHHO YMCAA:

2:a® a'b

P = —a—:+b,q R e

T.€. ypaBHeHWe COKPALLEHHO 3anuweTca B Buae Yy +p-y+q=0.

Ec/v Mbl HAMAEM KOPHM 3TOro HOBOIO YPaBHEHMS, TO, BblYMTAS M3 HMX MO a/3, NOAy4YUM
KOPHM MCXOAHOro ypaBHeHMA. KOpHM Halero HOBOro YpaBHEHMS BblpaXkaloTCA Yepes ero
KO3 DHUMEHTBI NPU NOMOLLM caeaytolen hopMy/ibl:

8 _ o 9T

N 2 YT T AYHbIX pagMKasioB UMEEeT, KaK Mbl 3HaeM, TPU 3HAYEHMUA.
Heﬂb3F|, OA4HaKo, I{OM6MHI/IpOBaTb MX NPON3BOJIbHbIM o6pa30M. OKa3bIBaeTCFI, YTO ANA KaxX4oro
3Ha4e€HMA NepBoro pajgmkasia MOxXHO yKa3atb 04HO € AMHCTBEHHOE 3HAa4Y€HNE BTOPOIro paauKaiia,
4YTO rnpom3segeHme X paBHO YHUCY -p/3. MMEHHO 3TH ABa 3Ha4Ye€HUA paanKaJZioB U HYKHO
CKJ1aAbiBaTb AJ14 TOro, YTOObI NnoJly4nTb, TAKUM o6pa30M, TPHU KOPHA Hallero ypaBHEHUA. Bcakoe
|<y6w4Hoe YpaBHEHHUE C JIIOO6bIMM YMCTI0BLIMM KO3CI)CI)I/ILIM€HTaMM UMeeT , ciegoBaTtes/ibHO TpuU
KOpHA, B O6IJ.leM c/Zlyda€ KOMITJIEKCHbIX; HEKOTOPbIE U3 KOpHelji MOryT, KOHe4HO, COoBINacTb, T.€.
NPEBPATUTLCA B KPaTHbIM KopeHb. O4HaKo, NpakTMYeCKoe 3HaYeHne NpmMBeaEHHOM (hopMyJibl

BeCbMa HEBEJINKO.



5. O pelleHnn ypaBHEHUM B paAHKasiax U O
CyLLecTBOBaHUM KOPHEN YpaBHEHUM

®opMybl ANA HAXOXKAEHMA POPMY ANS pELLEHUSA YPaBHEHMM TPETbEN M YETBEPTOM CTEMEHEN
6bl/1M HanAaeHbl ewe B XVI BeKe. B 310 ke Bpems Haya/IMCb NOMCKM 60s1ee CoXKHOM hopMybl ANA
pELIEHUA YPABHEHWUMN NATOM CTEMNEHM U 60OJIEE BbICOKMX CTENEHEN. ITM MOUCKU BE3YCMNELIHO
NpoAo/Kaiuch Ao Havdana XIX BeKa, Korga 6bin JoKasaH cefyolimii 3aMeYdaTe IbHbIM pe3y/ibTar:

Hu dnsa kakozo n, 6o0abwe20 uiu pasHo20 NAMU , He/b3A YKa3amb GOPMY/Y, BbIDAKAOULVHO
KOPHU YpasHeHUs 4yepe3 e20 Ko3gpuuueHmsl npu noMowu paduKasios.

Ecnun 6ol cywecrtsoBaJio ypaBHEHME C YMC/10BbIMU KO3CI)CI)I/ILIM€HT8MM, AeﬁCTBMTeﬂbeIMM nJn
KOMINJIEKCHbIMU, TAaKOE, KOTOPOE HE MMEJIO 6bl HM oAHOoro l[l,el\/'ICTBl/ITeJ'IbHOFO NJIM KOMITJIEKCHOI O
KOpPHA, TO BO3HMK/1a Obl 3a/laya p,aanef/'tLuero paclunpeHna 3anaca YMcesl. B 3TOM, ogHako, HeT
HeO6XO,£IMMOCTMI KOMIJIEKCHbIX YHUCeJ1 JOCTATOYHO AJ1A peleHUA noboro YPaBHEHUA C
YUC/10BbIMMA KO3CI)CI)MLI,VI€HT8MM. UMeHHoO, CrnpaBej/iBa cnejyrulad Teopema.

Bcskoe ypasHeHue n-uU cmeneHu ¢ /1lbbiMU_4YUC/108bIMU KO3 PUUUEHMamu umMeem n KopHeu,
KOMNJIEKCHbIX U/1U, B 4ACMHOCMU, delicmBaume/ibHbIX; HEKOMOpbIle U3 HUX MO2ym, KOHeYHO,
cosnacms, m.e. oKalambCA KpamHbiMu.

JT1a Teopema HasbiBaeTcs «OCHOBHOM TEOPEMOM BbiCLIEN anrebpbl». OHa 6bl1a AoKa3aHa
Janamoéepom n Nayccom ewwé B XVIII Beke, xoTa nmwb B XIX BEKe 3TU AOKa3aTeIbCTBa OblAM
Jl0Be/1eHbI A0 MOJIHOW CTPOroCTH.



6. Y1cno aencTBUTE/IbHbIX KOPHEHU

MycTb AaHO ypaBHEHME N-1 cTeneHn. OHO MMEET, KaK Mbl 3HAEM, N
KopHeW. MepBble BONPOChI, KOTOPblE €CTECTBEHHO BO3HMKAKOT, TAKOBbI:
UMEIOTCS /I Cpean HUX AEUCTBUTE/IbHBIE, CKOJIbKO MUX, FAe NpUMEpPHO

12

OHM pacnonoxeHbl? OTBET Ha 3TM BONPOCHI MOXKET ObITb MNONYYeEH
cneayowmm nytem. O603Ha4YMM MHOIOY/IEH, CTOSLLUMM B IEBOM YacCTU 8 a fla)
ypaBHeHusA yepes f(x). MNocTtpoum rpadmk MHoOrouneHa f(x).
7
Opumep. MocTponTb rpadmK dYHKUMM f(X)=x3-5-Xx2+2-x+1. -1
o 4
CocTaBmm TabamuUy 3HaYE€HUM MHOroYNeHa f(X), CO 3HAYEHMAMM d, 0 1
nexawumm mexay -1 n 5 n noctponm rpadmk.
1 -1
pachmK nokasbiBaeT, YTO BCE TP KOPHA HAXOAATCA HA MPOMEXYTKax O
(-1;0), (0;1) u (4;5). 1/ 0 2 3 a5 2 -7
MHoraa nonesHbl Caeayolpme Teopembl, AaroLimMe HeKoTopble i A N,
CBe/IeHMS O CYLLEeCTBOBAaHUMU AENUCTBUTE/IbHbBIX M AaXKe NOJIOKMTEIbHbIX
KOpHeW: 4 7
Bcakoe ypasHeHue He4émHouU cmeneHu ¢ delicmsume/ibHbIMU 3 . &
Ko3dduyueHmamu umeem xoms 6bl 00UH delicmsume ibHbil KOPeHb.

Ecnu 8 ypasHeHuu ¢ delicmsume/ibHbIMU Ko3dduyueHmamu cmapwuli
KosduuueHm A, u c80600HbIU Y/ieH A _UMerm pasHbie 3HAKU, MO OHO
umeem xoms 6bl 0OUH nono;«umeﬂbelu KopeHb. Ecau ke, ypasHeHue
umeem, KpOMe mo20, YemMHVK cmeneHb, Mo 0HO 0b1adaem makxe u
xoms 6bl 00HUM ompuuame/ibHbIM KODHEM.




7. NMpn6AUKEHHOE pelleHue ypaBHeHMMU

3Has 3HaYEHUs, MEXAY KOTOPbIMM 3aK/IOHEHDBI KOPHU YpaBHEHWS X3-5-X2+2:-x+1=0, Mbl MOKEM YTOUYHWUTb KOPHU
ypaBHeHuA. MNycTb, HANPUMEP, HAC MHTEpPEeCYeT KOPEHb d,, JEeXaLMU MeXAY HYNEM U eauHULEN. Bbluncnasa 3HaYeHus
NeBOM YacTu ypaBHeHua npu x=0,1; 0,2;°0,3; . . . ; 0,9 , Mbl HaWAK Obl, MEXAY KaKUMWU ABYMA U3 ITUX
rnoc/siej0BaTe/IbHOCTEN 3HAYEHWUU AJIA X TPAMK MHOrousieHa f(X) NnepecekaeT 0Cb abCuMCC, T.€. BbIYUC/INIM KOPEHb d,
y¥e C TOYHOCTbI0 10 OAHOM AECATOM.

ﬂpop%)nmaﬂ TaK Aajiee, Mbl MOTIN 6bl HAMTU 3HAYEHME KOPHS C TOYHOCTbIO 0 OAHOM COTOM, U O NIH06OM HYKHOM
TOo4YHOCTM. OAHAKO, TaKOW METOZ CBA3AH C FPOMO3JKMMM BbIYMCIEHMAMM, KOTOPbIE GbICTPO CTAHOBATCSA
HEBbINOJIHUMbIMK. BBMAY 3TOrO pa3paboTaHbl pa3/iMyHble METObI, ONpeaensamMe NPUOTUKEHHDIE 3HAYEHUS
ENCTBUTEIbHBIX KOPHEMN YPaBHEHUS.

MonesHo, cHayana HaMTH 6osiee y3KMe rpaHuLbl KOpHA. N8 3TOCO BbIYMC/IUM KOBGHb C TOYHOCTbIO 10 O/IHOM
aecatou. Tak f(0,7)=0,293, a f(0,8)= - 0,88, a TaK KaK 3HaKM 3Ha4eHWK pasnnyHsbl, To 0,7<a,<0,8.

MeTog cocTouT B crieaytoliem. MycTb JaHO ypaBHEHME N-M CTENEHM, IEBYIO YaCTb KOTOPOro 0603Ha4YMM Yepes f(x),
M NYCTb Y}Xe U3BECTHO, YTO MeXay A U B neXXut oamMH AencTBUTEIbHbIM KOpeHb. o onpeaenérHHbiM (popmysiam MOXKHO
HaMTU A1 KOpHA d HoBble rpaHuubl C u D. Mou atoM byaeTt nam C<a<D, mam D<a<C.

MpaHmua C BbluMCAAETC.C = L“Iffm
Torga, B Hawem npumepe. 7 7@
R GOI088)1E 0,254 40,0616 _ ) -0

OEpARPT Zh98BParmupbl D 1HE8YeT BBeAEeHMA 0AHOrO HOBOMO MOHATHE, KOTOpOE ByAeT MrpaTh Y HAC NULLb
CNY>KeBHYI0 POJib; MO CYLLECTBY e OHO OTHOCMTCA K JPYroM YacTH MaTemaTuKM, auddepeHLManbHOMY MCUMCIEHMIO.

MycTb ZaH MHOFOY/IEH N-M CTeNeHM f(x)=a, X +a -X"+a,x"2+ . . . +a_-x’+a_ -X+a_.
Ha30B&M NPOM3BOAHOM 3TOr0 MHOrOYIEHA M 0603HAYMM [ ’(X) CAeayIoWMIA MHOFOYAEH (N-1)-1 cTeneHu:
f’(x)=n-a,x"'+(n-1) -a-x"?+(n-2) -a,x"3+ . . . +2-a_,-x+a

n-2 n-1.

OH noJsly4eH M3 MHOrousieHa f(x) No cieayolemMy NpaBuy: Kaxabli YieH a, -x" MHorouyieHa f(x) yMHOXaeTca Ha
noKasaTte/ib CTeneHu n-k Npu x, cam xe MOKa3aTe/lb YMeHbLUIAETCA Ha e/IMHMLY; MPU 3TOM CBO6O/HbIM YJieH a_
MPOMajaeTt, Tak Kak MOXHO CYMTATb, YTO @ =a_-X".

OT MHOro4neHa f ’(x) MOXXHQ CHOBA B3ATb MPOM3BOAHYI. ITO BYAET MHOrOY/IEH (N-2)-M CTENEHM, KOTOPbIM
Ha3blBaeTCA «BTOPOMW NPOM3BOAHOM> MHOroYIeHa f(X) M 0003HavaeTcA [’ (x).



TaK, 418 pacCMaTpUBAEMOro HaMM MHorousieHa f(x)=x3-5-x2+2-x+1 6yaeT:
f’(x)=3-x2-10-x+2 u f ’’(x)=6-x-10.
paHuUa d BbIMMCASETCA NO OAHOM M3 Caeaytolmx hopmyn:
,_ _ f@ 1)
d=a-— f . d= b— .
f(a) f(b)
MepBaa M3 HMX BblOMpaeTCa ecan 3Haku f ’’(a) 1 f(a) coBnagatoT. B npoTMBHOM Ciyyae BbloMpaeTcA BTopas.

B paccmaTpuBaemMom npumepe BTopasa npomssogHas f ’’(X) oTpuuaresibHa Kak npu a=0.7, tak v npu b=0.8.
MoaTtoMmy, TaK Kak f(a)>0, To cheagyet B3aTb ana d BTopyto dopmyny. Tak Kak f ’(0.8)= - 4.08, T0

d=0.8-(-0.088/(-4.08)=0.8-0.0215=0.7784.

Takrm 06pa3oM, Mbl HALLIM /1A KOPHA d, C/lefytolue rpaHuLbl, MHOro 6o/1ee y3Kkue, Yem Te, KoTopble 6blau
M3BECTHbl HaM paHblie:  0.7769<a,<0.7785.

OTcioAa crieayeT, YTo ec/iv Mbl BO3bMEM AJ1A A, CpefHee 3HayeHue, a,=0.7777, To caeslaem OLIMOKY He
npesocxogAwyto 0.008 - nosypasHOCTU rpaHUL, OTpe3Ka.

Ecm nosy4yeHHaA TO4YHOCTb HEAOCTATO4YHA, TO K Hal‘/’I,D,eHHbIM rpaHnuaM MOXHO CHOBa NPpUMEHNUTb 3TOT METOA.



9.3aKk/1104eHHne

Mbl paccMaTprBaiM BCE BPEMS YpaBHEHUA HEKOTOPOM CTEMEHM C OAHUM
HeM3BeCTHbIM. Havyano 3ToM Teopum nexano elle B 3N1eMeHTapHOM anreoépe,
rJe nocne usy4yeHmsa ypaBHEHUM NEPBOM CTEMEHM NEPEXOAAT K KBaJpaTHbIM
ypaBHeHusaM. OZJHaKO B 3/leMEeHTapHOM asirebpe 6bi1 caenaH OAMH Liar U B
JpYrom HanpaBieHWW: NOC/Ie U3YYEHUS OJIHOMO YpaBHEHMA NEPBOM CTEMEHU
C OJJHUM HEM3BECTHbIM NEPELLJIM K PACCMOTPEHMIO CUCTEMbI U3 JBYX
YPaBHEHWUM C ABYMS HEU3BECTHbIMM U CUCTEMbI M3 TPEX YPAaBHEHMI C TPEMS
HEM3BECTHbIMU. ITO HanpaB/iEHME MONyYaeT AaJibHeNLIee pa3BUTUE B Kypce
BbICLLUEW aNrebpsbl, rAe M3y4atoTCs METO/bl PELLEHNS 060N CUCTEMbI U3 N
YPaBHEHWUM C N HEM3BECTHbIMU. TEOPUS CUCTEM YPABHEHMIN NEPBOM CTEMEHM
M CBAI3aHHbIE C HUMM METO/bl PEeLLEHMS, COCTAB/IAIOT 0COBYH BETBb a/irebpbl
- IMHENHYIO anreépy; No CBOMM NPUMEHEHMAM B FEOMETPUU U B APYTUX
OTpac/IAX MaTEMATUKM, a TaKKe B (pM3MKe U TEOPETUYECKOU MEXAHMKE OHa
ABNAETCS NEpPBOM Cpeau BCeX YacTeWn anrebpsl.
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