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7. Obwas cxema uccnedosaHusi pyHKUUU U
nocmpoeHue 2pagukKa
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[Mpou3eodHasi. 3adaya o
KacamesibHou

e

o / %o Xg+ AX
Onpedenerue. Ecnu cywlecTByeT npeaenbHOe NonoXeHne
cekyLiemn npwu cTpeMneHnm BOOMb NO KPUBOMN, TO OHO

HasbiBa&eY kacatenbHom k rpadiky PyHkumm B Touke M, -

¥ =moe



llpou3eodHasi. 3aday4ya O
KacameJsibHoOU

OBOo03Ha4YMMm yrosn HakmnoHa KacaTefibHOM K
rpacdouky dyHKUMN B Touke M, «.

OueBunaHoO, 0 —>oa NMPUAXx—0,a fgp = %
CTPEMUTCH K fga A
fga = lim 19 = lim —
Ax—0  Ax—0 Ax
Torga yrnoBown KO ULMEHT

KacaTenbHOW paBeH - i, 2 .

Ax—0

k=tga



[Ipou3esodHasi. OnpedesieHuUe

MycTb yHKUMa y = f(x) onpegeneHa B
MHTepBane (a,b)¥ NyCTb TouKa xq € (a,b)
PaccmoTpum ganee TOYKy xg + Ax (a,b).
B 00enx Toykax BbIMUCIIUM 3HAYEHUS
PYHKLUUN N PA3HOCTb Ay = f(x, + Ax)— f(x,)-
OTY pa3HOCTb byaem HasbiBaTb
npupaweHueM yHKUUU B
(PUKCUPOBAHHOM TOYKE y,



[Ipou3esodHasi. OnpedesieHuUe

Ecnn cyuwiecTByeT KOHEYHbIN (Mnn

OEeCKOHEYHbIN)
fxo +Ax)= f(x0) &

= lm —
Av0 Ax A0 A
TO OH HAa3biBae€TCAd KOHEYHON (I/IJ'II/I

6eckoHe4YyHOoN) NPOU3BOAHON PYHKUUN | (x)
B TOMKE x, U 0DOO3Ha4aeTcA

cumBonamu yf  mnu f(xg) , Te.
' . Ay
Yy = lim —.
Ax—0

§ oo



[Ipumepbi

ACHO, 4TO yrnoBou KO3 PULUNEHT
KacaTenbHOW paBeH Npon3BOAHOU B TOYKE
KacaHua. [lpyBegem npumepsl.

Ay
y

f (XO:):O y':OO
/\ stouke X =0
g |
i 0
X0




YpaeHeHuUe KkacameJsibHOU

KacaTtenbHylo Kak NpamMyto, NpoXo4siLyto
Yyepes3 TOYKY KacaHua M (x,;y,), 3a0aloT
ypaBHEHUEM y—y, =y, (x—Xx,)-
Hanpumep, ypaBHeHMe KacaTenbHOU K
KpyBon y = x” B Touke (1;2) umeeT BUNA
y-2=2(x-1) nnun 2x-y=0.



TeopemMbl O MPOU3800HbLIX

Teopema 1. Ecnu cyLLeCTBYIOT
npousBoaHbie U (X) u
V(X) pyHKUmin u(x)n Ux), TO
CYLLECTBYIOT
(u(x)+ v(x))': (u + v)' =u+v';

(U-v)=u'v+w';

!/

[\_ﬂ IV (vs0)




Teopembl O MPOU3800HbLIX

Cnedcmesue.
(cy)'z c'y+cy'=cy', TaKKaK c'=0,

T.€. NOCTOAHHbIN MHOXUTESb
BLIHOCUTCSA 3a 3HAK NMPOU3BOAHOMN.



TeopemMbl O MPOU3800HbLIX

Teopema 2. Ecnun pyHKLMA B
TOYKE X UMEEeT NPON3BOAHYIO, TO OHa

B 3TON TOYKE HenpepbiBHa.

ObpaTHoe HeBepHO. Bo3moxxeH
cny4dau, Korga HenpepbiBHaa (YyHKUMSA
HE UMeEeT NPon3BO4HON B TOYKE
HENPEPbIBHOCTMW.



TeopemMbl O MPOU3800HbLIX

Hanpumep:

y=}
y' He CYLLIECTBYET B
TOYKe

x=0

VEEZ



[lpumepbi

BoiBeaem oopMynbl HEKOTOPbIX
MPON3BOAHbIX, NPUMEHASA ONpeaefieHne
NPON3BOLHOWN:

1) y = x° UMEET NPOU3BOAHYIO

Ve i (x+Ax)2—x2
A;I—I}o Ax
2 2 2 2
i X7+ 2xAx+ AxT —x" ” 2xAx + Ax
A;I—I:o Ax A)glo Ax

= lim (2x+Ax)= 2x
Ax—0



[lpumepbi

2fe)- im & e - S -

e -1 -
e‘Y-AI)LLnO v —e.1=¢".

Takum xe obpaszom MOXHO NONYYUTb
npoussogHble (sinx)=cosx,(cosx)=—sinx, a
No npasBuny BblMUCIEHUS NPOU3BOAHbLIX
CITOXHbIX (PYHKLMN MOXHO BbIYUCITUTD U
LpYyrve nponsBoHbIe.



[Mpou3eodHasi obpamHou

QDYHKUUU

Teopema. ['lyctb oyHKUMA X=f(y)
MOHOTOHHA U guddepeHUnpyema B
HEKOTOpPOM NHTepBarne (a,b) n UMeeT B
TOYKE Y 3TOro MHTEpPBAana He PaBHYIO HYIMIO
MPOU3BOAHYIO . Tdnpa B
COOTBETCTBYHOLLEN TOUKE X ObpaTHas
PyHKUMA ¥ = [ (X) uMeeT IPOU3BOAHY!O

@] = ’

My =—
f'(y) X!



[Ipumepbi

Ona yHKkumn y=arcsinx obpaTHou
apnseTcs PyHKUMA X=siny , KOTopas B
nHTepsBane (-1/2;1/2) MOHOTOHHA U

ondpepeHumnpyema. Ee nponssoaHas B

9TOM UHTEepBarne B Hysfb He obpallaeTcs.
[ToaTOMy

o 1 1 1
Vi =—=

X, - COS y B \/l—sinzy ) \/1—x2 |

¥ Tg>e



[Ipumepbi

NTakK, (arcsinx)’ =

\/l—x2 |

AHarnormM4yHo MOXHo NOJTYHNTDb
1

(arccosx)' = — :
1—x?
(arctgx)' = :
s 1+x?°
, 1
(arcctgx) = — -
1+ x



TeopemMa o0 nMpou3e00HOU
CJZIO)XKHOU QpyHKUUU

[TycTb yHKUMA U = U(X) NMEET
MPOW3BOAHYIO B TOMKE X, @ PYHKLMA
y = f(u) umeeT nponssoaHyto B TouKe
Uy = u(XO). Torpa cnoxHas yHKUUSA
y= f(u(x)) MMEET NPON3BOAHYHO B TOUKE X,
npuuem V= ' (Up)- U'(Xg).

Unn: y'= f',-U', B nponsBonbHoOM Touke

¥ =75



[lpou3eo0Hasi cmeneHHou
QDYHKUUU

CnpaBeanimBo TOXOeCcTBO X "=
Toroa

nlinx

¥ =moe



[1Ipou3800HkLIe
aunepbonuvyeckux yHKUUU

[Mnepbonnyecknmmn HasbiBaOT PYHKLMN

e —e e +e”
shx = . chx = ;
2 2
shx chx
thx = —: cthx = —.
chx shx

¥ =moe



[1Ipou3800HkLIe
aunepbonuvyeckux yHKUUU

[ToaTOMYy
(shx)' = l(ex —e ) = l(ex +e ") = chx.
2 2
(chx)' = shx;
shx ch’x —sh’x 1
thx) = (—) = = :
(thx) = ( ) ch’x ch’x
1
cthx)' = —
(cthx) sh’x.

VEEZ



Tabnuua npou3800HbIX

1.c'=0 7.(log  u)= u
ulna
2.(w"Y'=nu""-u 8.(lnu)=l-u
u

3.(«/74 :Z\I/Z.u" 9.(sinu)'=cosu-u',
4.[lj'=—i2-u', 10.(cosu )= —sinu -u',

u u

1

S50a" )=a"1 ' 11.(7gu )= -u'

(a) a’'lna u', (tgu) os’ 1) u',

uw_ U0 v 1 !
6.(8 )'—e U, lZ.(ctgu)— sin? u',



Tabnuua npou3800HbIX

13. (aI'CSil’lu)' = l ' 14. (Shu), —chu-u'.
1—u?
(arCCOS Z/l)’ - — 1 u’, (Chu)’ = Shu . u';
Ji-u?
1
! 1 / (l‘hu)' = .
(a’/Ctgu) :1+u2u’ Chzuua
|
(cthu)' = — '
(CZI”CCZ‘gu)' = — 1 u" Shzl/l, u
1+u’

¥ =90
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LduggpepeHuyupyemas pyHKUUS

Onpedenerue. Ecnin doyHkums f(x) B

TOYKE X MMeeT (KOHEYHYI0) MPON3BOAHYIO, TO
OHa Ha3blBaeTca AnddepeHUnpyemMon B 3TOU
TOUKeE.

Ecnun oyHKUMA andppepeHumpyema B
KaXKa oM TOYKE HEKOTOPOro NPOMEXYTKa, TO

OHa HasblBaeTca andpdepeHunpyemMmon Ha
9TOM MNPOMEXKYTKE.



u epeHuuas HKUuUu

Paccmompum npumep. Hangem
npupaLLeHme MYHKLUN ¥ = x” B TOYKE X -
N3BecTHO, uTo Ay = f(x, + Ax)— f(x,).
B Halwlem npumepe
flxg) = x0", f(xg + Ax) = (x, + Ax),
npupaLleHume.

Ay = (xO + Ax)2 —x02 = x02 + 2x0Ax + Ax? — X

Utak, Ay =2x,Ax + Ax? , [A€, KaK U3BECTHO, 2x,

SABNSETCS NPOVN3BOAHON PYHKLMU x° B TOUKE

X -

2

¥ =75



OnpedeneHue ougpgbepeHuuasna

[TycTb npupalleHne yHKLNN B TOYKE
MOXET ObITb NpeacTaBfieHO B BUAE

Ay = AAx +o(Ax) ,roe Ax -
npupalleHne aprymeHTta, A-BennynHa, He
3aBucawada ot Ax, o(Ax) -0eCKOHEYHO
Manasi bonee BbICOKOro rnopsigka ,

YeM Ax npn Ax — 0.



OnpeodeneHue oughghepeHuuana

Toroa rmaBHaga NMHENHasA OTHOCUTENbHO

Ax 4YacTb npupalleHna oyHKLNK

Ha3blBaeTca anddepeHymanom pyHKLNU
B TOYKEe U obo3HavaeTca dy

WTak, no onpedenexntio  dy = AAx

Teopema. [Ins Toro 4ToObLI B TOYKE X
doyHKUMA nmena anddoepeHumnan,
HeobXxoaMMo N OOCTaTOYHO, YTOObLI OHa B
9TOU TOYKe umMmena Npomn3BO4HYIO.

§ oo



u epeHuuas HKUuUu

[lpupalleHne aprymeHTa Ax B 3TOM
criydyae npuHATo obo3HavaTth dx W Toraa

dy:f'(xo)dx, roe dx=Ax. B
NPOU3BONBHON TOUKe X dy = f'(x)dx .

3ameyaHue. V13 nocnegHen oopmynbl
nosny4yaeTcs eLle ogHo obo3HayeHme

nPOU3BOAHON f"(x)= Z—y .
X



u epeHuuas HKUuUu

[pumep.
d(sinx) = cos xdx

d(tgx): 12 dx; d(lnx):ldx;
X

COS™ X
d(xz):Zxdx; d(x+a)=dx

¥ =moe



HAduoppepeHyuan pyHKUuU

Kak n ons npon3BoaHoON, Ans
onddepeHumana QyHKUUN NMEKT
MECTO (POopMYy-bi:

1. d(u+Vv)=adu+av;
2. d(uv)= vdu+ udv:
3 d(gj _ vdu—zudv(wﬁ 0)

v v
4. d(cu) = cdu.




NHeapuaHmMHoOCMb

dughgpepeHyuana

[1lo npasuny andpdepeHumpoBaHns
CITOXXHOWU QPYHKL U

dy = y,u.dx =y, (u.dx)=y'du.
30ecb opma anddepeHLmana oCcTaeTcs
HEU3MEHHOW, HO Noa AuddepeHLManom
aprymeHTa noHMMaeTcqa He npupalleHue
9TOro aprymeHTa, a ero gnddepeHunan.

§ oo



[1pou38o00HbLIe 8biCUIUX

MopsioKoe
Beegem tenepb NOHATUE NPOU3BOAHON

BTOPOro nopsiaka pyHkumm £(x).
[1pon3BOAHYIO OT NEpPBON NPOU3BOLHON
dyHkumn f(x), T.e. (') Gyaem HasbiBaTb
Npon3BO4HON BTOPOro nopsaka (toraa y'-
NPOM3BOAHAsA NepBOro Nopsaka) u dyaem ee
o6osHauatb " unm f''(x). Janee

!

(y"') = y'"'= f""(x)- aTo nponssogHas

TPETbEro Nopsaka, ... a (y(”‘l))z ) at0
NpoM3BOAHAas N-ro NOPsiAKa.



LduopepeHuuasnbl 8bicle20

rnopsioKka

OndpdepeHymnan ot gudpdepeHumana
OAaHHOW (PYHKLMWM Ha3bIBaETCH ee

anddepeHUmanom BTOPOro nopsaaka u
o6osHavaetrcas d’y=d” f(x) . Mo

onpeaeneHunto

d*y =d(dy)=d(f'(x)dv) = (f'(x)dx)dx = f"(x)dx".
d*y = f"(x)dx",

d3y _ frrr(x)dx3

NTaKk, nT.Aa.



duggpepeHuupogaHue pyHKUUU,
3a0aHHbIX napamempu4yecKu

[TyCcTb QOyHKLMSA ¥ OT X 3agaHa
napameTpuveckKumMn ypaBHEHNAMMU

x=x(t),y = y(),t €(a,p).

N nycTb 3TN HKUNWN , ,
Y PyHKU dy _ydt _y,
ondpepeHumpyemnl. Torgpa —— RO
Ecnun cyulecTByeT BTOpas npom)f’,BonH a, o

TO " — (yx)t

XX

/
xt



l[Ipumep

Hantn nponssogHyo pyHKLUN
x=a(t—sint),

iMeeMm vy =a(l—cost).
.1 4
. 2sIn—COS —
, asint o t
yx — 1 — / :Ctgz
a(l—cost) r4in? -
2
) 1 1
Yo =7 t T t
2asin® —(1-cos?) 4asin* —
2 2



[Mpou3800HbLIe HESIBHbIX
QYHKUUU

[TyCcTb 3Ha4YeHNa X N y CBA3aHbI
ypaBHeHuem F(x,y)=0. Ecnn dpyHKkumnA
y=f(x), onpeaneneHHasa Ha HEKOTOPOM
NpoOMeXyTKe, Npn NOACTAHOBKE €e BMECTO
y B ypaBHeHune F(x,y)=0 obpallaet 310
ypaBHEHWE B TOXXAECTBO, TO TOBOPAT, UTO
9TO ypaBHeHue 3agaeT PyHKUno y=f(x)
HeSABHO.

§ oo



l[Ipumep

[MpogndppepeHUunpyem pyHKLMIO
y=x+Iny
Nmveem y’ :1+§y' OTcroga

!/ 1 4
yad-—)=1 y S
Y y—1



[IpodosnKeHuUe

Hangem BTOpYO NPON3BOAHYIO.

Takkak ' = , TO
y—1

Jﬂ:)ﬂy—D—w/_
(y=1° (y=1’°

4

Yy oy
- (-1’

y'(y-1-y) _



Jlocapugpmuyeckoe
dugepeHuupoeaHue

Hantn npon3sogHyto dyHKUMK y = (COSX)".
[Tpororapndomupyem obe yacTu:

Iny =xcosx. Tenepb bepem

NPOU3BOAHYIO
/

Y cosx —xsinx, y' = y(cosx — xsin x).

Y

OkoHYaTernbHo

y' =(cosx)*(cosx— xsin x).



