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Jlekuus 4-5
NHKeHepHbIe KPUBbIE H MOBEPXHOCTH
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JIro0b1e kuuru 1mo Solid Works
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KycouHbI€ KPUBBIE U UX MIIAJKOCTh .
bUIIMHENHBIN JTOCKYT.
[ToBepXHOCTH CABUTA U BpaICHUS.
JIuHenyaras MOBEPXHOCTb.

JlockyT KyHca.

DpMUTOBa KpUBas.

bukyOnueckas moBEpXHOCTb.
Kpusslie u moBepxHOCTH besbe.

CrmaiiH-uHTEPITOJISIIIHSL.
PaHI/IOHaHBHBIe KpI/IBBIe nu HOBerHOCTI/I

['pannynbie MOenU. KOPPEKTHOCTH TPAHUYHBIX MOJIEIIEU
[TakeThl FEOMETPUUYECKOTO MOACIIUPOBAHUSA



KyCO‘IHI)Ie KPHUBbLIC U UX ITIAIKOCTD

C n. HETIPEPBIBHOCTH KPUBBIX U MIOBEPXHOCTEU - HEMTPEPHIBHOCTD k-X
MIPOU3BO/IHBIX UX MAPAMETPUUYECCKUX YPABHEHUN v 0<k<n
KpuBbie COCTaBIAOTC U3 KPUBOJIUHEUHBIX CETMEHTOB
[ToBEPXHOCTH - U3 TOCKYTOB Pa3HOM MapaMeETPU3aLvH.

- HEMPEPBIBHOCTD — Henpepu@ocm HaInpapJICHUS (€TUHUYHOTO
Geﬁropa) k-1 MPOM3BOIHOM APAMETPUYECKOTO YPABHEHHUS
VO0<k<n
H[!I/IMG[! I[HH CXOOUMOCTH UTCPATMOHHBIX METOAOB BTOPOTI'O ITOPAAKA

(Hanpumep, meroga Herotona-Padgcona) HeoOXoauMo, 4TOOBI
paccMaTpuBacMbl€ KPUBBIE U MMOBEPXHOCTH UMEITH - HEMIPEPHIBHOCTb.

GZ



KyCO‘IHI)Ie KPHUBbLIC U UX ITTAIKOCTD

YpaBHEHUSA KPUBBIX U TOBEPXHOCTEHN 3aAMMCHIBAIOTCA B HEKOU
yIOOHON CUCTEME KOOPAHHAT.

Jln1s mpeoOpa3zoBaHus B NIOOATBHYIO CHCTEMY KOOPJIMHAT
MCIIOJIB3YIOTCS ap(hHHBIE TpaHCPOpMaIIHH.

Aggunnoe npocmpancmeo:

3a4aCTCiA ABYM:A HCIICPCCCKAIOINUMUCA MHOKCCTBAMMU -
TOYCK U BCKTOPOB,

3a71a€TCS ONEPAUEN OTKIIAJBIBAHUS TOYKH OT APYTOU
TOYKH C IIOMOIIIO BEKTOPA;

3a7aeTcsl 0OpaTHOM orepaleil BEIYMCICHUS BEKTOPa,
COCMHSIONIETO JIBE TOUKH.

MHO>KECTBO BEKTOPOB JOJKHO 00pPa30BbIBaTh €BKIIMIOBO
MPOCTPAHCTBO (JIMHEHMHOE MPOCTPAHCTBO CO CKAJISIPHBIM
IIPOU3BEICHUEM ).



KyCO‘IHI)Ie KPHUBbLIC 1 UX INIAIKOCTD

B cirywae CAIIP:
TpexMmepHoe ad)(pUHHOE IIPOCTPAHCTBO;
ONPEAECTICHO BEKTOPHOE MTPOU3BEACHHUE;

TOYKHU U BEKTOPHI B 3TOM IPOCTPAHCTBE MOTYT
3a]1aBaThCsl TPOMKAMU BEIIECTBEHHBIX YUCEIL.

CorjaimmeHue 0 HOTAIIuHU

Touku: P, Q, ...

BekTtopsr: e, 0, ...

CkaJisipHbBIEC BEJIMYHUHBL: X, O, ...
CxangapHoe nMpou3BeICHUE: (U, V)
BekropHoe nipousBeneHue: u’ry



bHJIMHENHBIA JIOCKYT

Jlockym - KOHEUHas IOBEPXHOCTh, IIPEICTABICHHAS B BUJIEC
00J1aCTH 0TOOpaKEHUS IIPSIMOYTOJbHHUKA B MapaMETPUUECKOM
Mpoctpanctse P (U, V), Uy SU SUp, Vy SV SV
(3a4acTyro Uy=V,=0Uu; =Vv; = 1)

IIpocTeiiinii TOCKYT — OMJIMHEHAS IOBEPXHOCT,
3a7aBacMasl YeThIPhbMs TPAHMYHBIMH BEPIITUHAMU:
P(0,0)=P,, P(0O,1)=P,,
P(1,0)=P,, P(1,1)=P, .

YpaBHEHHE OMIMHEHHOTO JIOCKYTA:

P(uyv) = (1-u)(1-v)P,,+ (I-u)vP, + u(1-v)P  +uvP .




IIoBEpXHOCTH CABUIA U BpallleHUA

Ilosepxnocms cosuza (swept surface)
3aJ1a€TCS TOYKaMU 3aJIaHHOU KPUBOU
P(H)=(x(1), y(1), z(t)), 0<t<1,npuee
IBYDKCHUH B 3aJJTAaHHOM HallpaBJICHUHU
e=(ex, €, ; eZ). [TapameTpuzanus
nmoBepxHocTu casura: P(u,v)=P(u) + ve.

CPXHOCTDb BPpAIICHHUA OITMCHIBACTC A

\ \ \HHOU KpuBo# (P (1)) BJIOJIb
“~-_ kpuBoii (P,(1)). YpaBHEHUE
BEPXHOCTHU:

P(1,v)=P (u) + P.(v) - P (0),
(:) 0<u<l0<v<l



JInHen4YaTasa MoBEePXHOCThH

Junentuamasn nosepxnocmos (ruled surface) - cnoco0

3a/laHusl MOBEPXHOCTH 1O IByM KpuBbiM P () u P,(1),0 <t <1
[TapameTpruyecKoe ypaBHEHUE JIMHEWYATON MTOBEPXHOCTH:

P(u,v) =uP (v) + (1-u)P(v),
0<u<1,0<v<l 1 \




JlockyT KyHca

Jlockym Kynca (Coons' patch) - 0000111eH1E TOBEPXHOCTH
CIABHIra 1 JIMHEWUYATOMW IIOBEPXHOCTH. 3a0AE€TCS YETHIPbMSI
epanuynbimu kpussimu P (1), P (1), Q. (1), Q, (1), 00pa3yoIUMHU
3aMKHYTBIA KOHTYP B TPEXMEPHOM MPOCTPAHCTBE:

P,(0)= Q,(0)=P, ,
P,(1)=0,(0)=P,,,
P,(0)=Q,(D)=P, ,.
P,(H=Q,(H=P,

[TapameTpuueckoe ypaBHeHHE J0cKyTa KyHca:
P(u,v)=(l-u)P (v) + uP (v) + (I-v)Q (u) + vQ (u) —

(l-u)(l-v)P, -u(1-v)P, -(I-u)vP, —uvP,

3aMeuaHue: JToCKyT KyHca 1o3BoJIsIeT KOHTPOJIUPOBaTh (hOpMy

ITOBCPXHOCTHU Ha €C I'PAHUIAX, HO HC MCK/Y HUMH



JpMHUTOBA KpUBas

Kybuueckast kpuBasi - O0CHOBHOM nMpuMUTHUB 1pu padote B CAIIP.
IApmumosa Kpueas - T€OMETPUUYECKHUIN CIIOCOO 3aJaHUs
KyOunueckoi KpMBOM: ¢ MOMOIIBIO KOHIIEBBIX TOUEK U
KAaCaTeJIbHBIX BEKTOPOB B HUX.
YpaBHEHUE DPMUTOBON KPHUBOU:
P(t)=(1-3¢ +20)P,+ (3 =20)P, +(1- 2 + £)P '+ (-I°+1)P
IIPU 3TOM
P(0)=P, @ Q
P(1) =P,
P'(0) =P/,
P'(1) =P,
—
A

N
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bukyOHnuyeckast MOBEPXHOCTh

bukyouueckan noseepxnocms (bicubic surface) 3agaercs
anreOpandecku ¢ nomoibio 48 (1) koapPuIeHTOoB.
Jlns 3aganust bI1 HeoOXOaMMBEL:
YeThIpe rpaHUYHBIE TOYKH Poo’ P01’ P10’ P
Bocemb KacareabHbIX BEKTOPOB B 3THX TquaX.
YeThIpe BEKTOpA KPYUECHUS.

BbII - obnagaromast Kyondeckomn MepBbii kpai JJIIH '
) ‘f arnpasneHye

KPUBU3HOW KaK B HallpaBJICHUHU -~

M, Tak u B HanmpaBieHUU N HgHERCHAE Y

IIOBEPXHOCTh, «HATSIHYTas» Ha
YEThIPE NMPOCTPAHCTBEHHBIE
KPUBBIC T




Kpussblie 1 moBepxHoctu besne

Henocrarok OpMUTOBOM KPUBOK: MOXHO OIIPEIACIIUTD
MTOBEJICHUE KPUBOW TOJIBKO B TPAHUYHBIX TOUYKAX.

Kpueasa Bbe3ve - KOHCTPYKTHBHO 3ajJaBacMasi KpuBasi, popmMy
KOTOPOM MOKHO KOHTPOJIMPOBATH B MMPOMEKYTOUHBIX, TAK
HA3bIBAEMBIX KOHTPOJIbHBIX, TOUKAX.

KpuBas be3be 3a1a€TCst OMOPHBIMA TOYKAMHU.

3 3 4
2
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KpusBsbie 1 nmoBepxHoctu besne

Touku He Bcerga Ha KpUBOM.
CrerneHb KpUBOM paBHA YMCITY TOUYEK MUHYC OJIMH.

KpuBas Bcerga HaX0AUTCS BHYTPH BBIMYKIION OOOJOYKH,
00pa30BaHHON OMOPHBIMHU TOYKAMH:

3 4 3

X

1 3

1 2

bnarogaps (3) B KOMIIBIOTEPHOU 1 payunke musHO ONTUMU3UPOBATH
MIPOBEPKY MEPECCUCHNUM IBYX KPUBBIX — €CJIM NX BBINYKJIBIC

000JIOUKH HE IIEPECEKAIOTCS, TO U KPHUBBIC TOXKE HE IMEPECEKYTCS.



Kpusbie 1 mopepxHoctu besne




Kpusbie 1 mopepxHoctu besbe

KoopanHaTsl KpUBOK ONKMCHIBAIOTCA B 3aBUCUMOCTH OT

napamerpa t € [0,1]

JIJ1s1 IByX TOYEK:

P=(I-1)P, + 1P,
J1i1s1 TpEX TOYEK:

P =(1-t)’P, + 2(1-t)tP, + I°P,
J1J1s1 4ETBIPEX TOYEK:

P =(1-t)’P, + 3(1-t)’tP, +3(1-t)FP, + P,




Kpusbie 1 mopepxHoctu besne

BwmecTo P, MoACTaBISIOT KOOPIUHATHI i-H OIIOPHOU TOYKH
(X, y.). ITH ypaBHCHUsI BEKTOPHBIC, TO €CTh JUISl KaXKIIOH U3
KOOPJAVHAT:

X = (]—t)zx] + 2(1-t)ix, + t2x3
y=(1-t0y, + 2(1-t)ty, + 'y,

Bmecto x, y,, X,, ¥,, X, ¥, MOACTABIISIOTCS KOOPMHATHI TPEX
ONOPHBIX TOUEK. B TO Bpems Kak t mpoOeraeT MHOKECTBO

ot 0 10 1, COOTBETCTBYIOIIME 3HAYECHUS (X, ¥) 00Opa3yIOT
KPUBYIO.



Kpusbie 1 mopepxHoctu besbe

Kpueaa be3ve onpenensercs BEplIMHaMHA MHOTOTPAHHUKA,
KOTOPBIN €IMHCTBEHHBIM 00pa3oM 3aJ1aeT (opMy KPHUBOM.
KpuBoii npuHamiexar neppasi i NOCJICAHSS BEPIINHBI, IPyTrye
BEPIITMHBI XapaKTEPU3YIOT IIPOU3BOAHBIC, OPSAIOK U BUJ KPUBOM.
[TapamMeTpuueckoe NpecTaBiIeHUE KpUBOU besbe:

Pt)= Zéfsfn,z- () ose=t

rie 0a3uc be3be-bepHinTeiiHa, Wiin QyHKIKS ampoOKCUMalluu

s )= e -t )

7 -3T0  1-s pyHKUMs O0a3uca bepHiTeliHa mopsiaka n.
ni £

>




Kpusbie 1 mopepxHoctu besne




Kpusbie 1 mopepxHoctu besne

I1ycTh 3a1aHbBI BEPIIMHBI MHOTOYTOJIbHAKA

be3sse BO[1, 1], B1[2, 3], B2[4, 3], B4[3, 1].
Haitu ceMpb TOYEK, JIeKAIIMX HA KPUBOM besbe.
PaccMmoTpum ypaBHeHH;I (5-62) - (5-64):

Pt)= % BiJns ()
M a=( )¢ e




Kpusbie u moBepxuHocru besne

B HamreMm ciydae n=3, Tak Kak UMEETCS YEThIPE BEPIIUHBI.

Otcrona (f] = (33] - :;!(36— 1)!

! T30 ()= () (1-2)’ =(1-2)" -

I =3(1-1)




Kpusbie u moBepxuHocru besne

I/ITaK, P(f,) = BD .J?3,0 -+ ‘Bl‘}3,1 +BZ \}3,2 - ‘83‘}3,3 =
B+{A

=(1-2) B +3(1-2) B+32 (1-1)
KoaddurmenTs! 115 kpuBoi besbe

IUIS Pa3JIMYHbIX 3HAYCHUH
¥

=
N
1

4

0.325

0.058

0.003

275 0.444

0.239

0.042

510.125

3751 0.125

5[ 0.042

0.239

0.444

510.003

0.058

0.325




KpusBbie 1 moBepxHocTu besne

TO4YKM Ha KPUBOMW:

P(0)=3B;=[1 1]
P(0.15)=0.61458; +0.3255, +0.05885 +0.0038; =[1.5 1.765]
P(0.35)=0.2758; +0.444 8, +0.2398; + 0.0428; =[2.248  2.367]

P(0.5)=0.1258, +0.3758 +0.3758, +0.1258; =[2.75 2.5]

P(0.65)=0.0428y +0.2398 +0.4448, +0.2758; =[3.122  2.367]
P(0.85)= 0.0038; + 0.058B, +0.3258, +0.6148; =[3.248 1.765]

P()=58;=[3 1]



Kpusbie 1 mopepxHoctu besne

IIpumeHnenmue:

B xoMneroTepHOM rpaduke, MOJACIMPOBAHNM, B
rpauyuecKux peaakTopax;

[HIpu@dThl OMUCHIBAIOTCS C HOMOIIBIO KPUBBIX be3be;

B BeO-pa3zpabotTke — a1 rpaduku Ha Canvas (co3gaHue
PacTPOBOTO JBYXMEPHOTO M300PaKEHHS IMPHU TTOMOIIH
ckpuIToB ) Wi B (hopmare SVG (oOecreueHus: BEKTOPHOM
rpaduueckor nogaepxku st Web-opayzepos );

B CSS-anumanum, [Uis 3a1aHUs TPACKTOPHUM UIIA CKOPOCTH
MIEPEIABUKCHUS.

CSS - Cascading Style Sheets
(KacKaJIHbI€ TAOIHUIbI CTUIICH) —
3TO SI3bIK OMIMCAHMS BHEIIIHETO
BHU1a B€O-CTPAHUILIBI .

A A S



Kpussblie 1 moBepxHoctu besne

Henocrarky KpUBbIX:
C 1oMoI1bp10 KpuBbIX be3be HENB3s TOYHO IPEICTABUTD

KOHUYECKHUE CEUCHUS;

AlreOpanyeckasi CTEIIeHb KPUBBIX PACTET BMECTE C
YHUCJIOM KOHTPOJIBHBIX TOUEK, UTO BECHMA 3aTPYAHSAECT
YHUCJICHHBIE PACYETHI..



Kpusbie 1 mopepxHoctu besne

AJITOPUTM Mepexoaa oT KPUBBIX K MOBepXHOCTAM be3be
(1-# cmoco0)
BBoasarcsa oOpa3zyromine kpuBbie be3be, nMeronme oJuHAKOBYIO
mapamMeTpU3aIHIo.

[Ipyn kaX10M 3HAYECHUHU MapaMeTPpa MO TOYKAM HA 3TUX KPUBBIX B CBOIO
ouepenb CTpouTcs KpuBasi besbe.

[Tepemerniasch no 0Opa3yroIMM KPUBBIM, ITOTy4aeM HOBEPXHOCTD,
KOTOpasi Ha3bIBAETCS MTOBEPXHOCTHIO be3be Ha YETHIPEXYTOIBHUKE.

OO0nacThio 3aJIlaHus MTAPaMETPOB TAKOM MTOBEPXHOCTH SIBJISICTCS
PSIMOYTOJIbHUK.




KpusBbie 1 moBepxHocTu besne

Kpueasi

Kpueasi Besbe

Kpueasi
Besnbe

Kpueass Besbe




Kpusbie 1 mopepxHoctu besne

EcrecTrBeHHOE 00001I€HHE ITOJTMHOMOB bepHIlTeiiHA HA
CJIy4dau ABYX IepeMeHHbIX (BTOPOH C1moco0)

M CIonb3yr0TCa CETMEHTHI be3be, OnpeneaaeMble ¢ TTOMOIIbIO
IIPOU3BEACHUS TOJTUHOMOB bepHIITEHA

x(2,v) = E Ebi‘ka(S)Bf(z).
P&

tneu=u(l-t)+utuv=v,(l-5)+v, s §1el0,1]
bonbnine KyCKy IMOBEPXHOCTEN MOXKHO IOJIYy4aTh U3
CErMEHTOB be3kbe.

[loBepXHOCTH, KOTOpAs 3a/1a€TCA

TAKUM ITOJIMHOMOM, HA3BIBACTCS
MMOBEPXHOCTHIO be3be Ha TPEyroJIbHUKE.




Kpusbie 1 mopepxHoctu besne

Kak 00poThCs ¢ alredpandecKoi CTEIEeHbIO CI0KHON KPHUBO?

Cnoco0 U3BECTEH TABHO — JIOCTATOYHO MOCTPOUTH KPUBYIO,
COCTOSIIIIYIO U3 TJIAJKO COMPSKEHHBIX CETMEHTOB, KAXKIbIN U3
KOTOPBIX UMEET OTPAHUYCHHYIO aJreOpandecKyto CTEICHb.

Takue kpuBble Ha3biBalOTC cniatuxamu (Mcaak IIénoepr, 1946).

Kapa ne byp - “On calculating with B-Splines™ (1972), “The
numerical evaluation of B-Splines” (1972) -yctaHoBJIeHa CBS3b
MEXKIy FT€OMETPUUECKON (POPMOM COCTAaBHOM KPUBOU U
ajareOpandecKuM CIIocoOOOM €€ 3aJaHusl.



Kpusbie 1 mopepxHoctu besne

Oonopoousie B-cnaatinebl (Basic spline) sSBISItOTCS 0000IIEHUEM KPUBBIX
besbe. YpaBHenue B-cnalina crenenu k - 1, onpeaensiemoro 7 + 1

TOYKaMH, UMEET BUJI, AaHAJIOTUYHBIN KPUBOU besbe:

i€ conpsraronme QyHKIuu N i k HE SBISIOTCS MHOTOWICHAMU
4
bepHITeliHa, a ONPEACAIOTCS CIECIYIOIINM PEKYPCUBHBIM 00pa3oM:

(t_ti )Ni,k—l + (ti+k _t)Ni+],k—1
ti+k—1_ti ti+k _ti+1
Lt <t<t,,,,

N;(t)=

Ni,l(t)=



PannoHaqbHbI¢ KPUBBIC U MTOBEPXHOCTH

Henocrarok KpuBbix be3be v B-CIIaHOB: ¢ KX OMOILBIO HEJIb3S
TOYHO allPOKCUMUPOBATH KOHUYECKUE CEUCHUS

PanuonanbHas kpuBas besbe:

i n(®)P,
P(t)—z’ e ,0<t <1,
> B . (t)
h , 0<i<n - 00BIYHASI MOBEPXHOCTH besbe,

h h =1, h,=cost - myra okpyxHOCTH

Ken Bepcnpun (1975) - NURBS (non-uniform rational B-spline) —
HEeOOHOPOOHbIE PAUUOHATIbHbLE B-cnaatinbl.



CiutaH-MHTePIoJIs s

Cnnaitn (om anen. spline, om flatspline — cubkoe nexano, 2ubkas nia3oeas
pelika — noioca Memaiia, UCHOAb3yemas OJisl YepUeHUst KPUBbIX JTUHUL) —
(byHKIMSI, 00J1aCTh ONPEASTCHUS KOTOPOi pa30uTa Ha KOHEYHOE YK CIIO0
OTPE3KOB, Ha KaXKJIOM M3 KOTOPBIX CIUIAWH COBMAJAET C HEKOTOPHIM
anreOpandyecKuM MHOTOUYJICHOM.

YHUBEpPCANBHBIA MATEMATUYECKUN anmnapar sl OMMUCAHUs, XPAHCHUS,

IpeoOpa3oBaHusl, aHAJIM3a U IPEICTaBICHUS.



CIu1aH-HHTEPIOJIA U

Cnnaiitnel TPEACTABIISIIOT COOOM CETMEHTHI DPMHUTOBBIX KPUBBIX
WU B-CIUTalHOBBIX KPUBBIX TPETHEU CTEIEHHU, NIAKO
COBMeNIEHHBIX ApyT ¢ ApyroM (G?) 1 npoXoasIux 4epes
3aJ]a101IME UX TOYKHU.

Hanpasnsawowan ,’ MpoMEeIKYyTOUHbIE TOUKHN

HaYanbHOW TOYKK | \
I
\'
/
I

Hanpasnawowan
KOHEYHOW TOYKH

Touxka Hayana

-

Cnnaiinoevie noeepxrHocmu COCTOAT U3 ITIAAKO CIIPATarOMINXCA

OMKYOUYECKHX JIOCKYTOB WU

B-CIutanHOBBIX TIOBEPXHOCTEM.




CianH-uHTEPHOJIA U

IIpumenenmne:
B CUCTEMAaX aBTOMATU3UPOBAHHOI'O MPOCKTUPOBAHUS M1
3aJIaHVs JIMHUM U TIOBEPXHOCTEH;
B 33J1a4aX MEPEKOJUPOBKHU 3BYKOBOI'O CUTHAJIA;
B OIIMCAHUHU 3aKOHOB JBHKCHUS;
B 33J1a4aX IMPOTrHO3UPOBAHUSI;
IIPOEKTUPOBAHNE aBTOMOOMIBHBIX JOPOT (CILIalH-
TpacCUPOBAHME) U T.]I.



-AHTEPNOJIAIMUA
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Alvwalds
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