MHOXeCcTBO
KOMMJIEKCHbIX
ymcen.




KomMrisieKCHbIM YUCJIOM Ha3biBaeTCA BblpaXKeHue
BuOa a + bi, B KOTOpoM a U b — gencTeBuUTenbHble Yncna,
a | — HEKOTOPbIN CUMBOJIT TAaKOW, YTO

i°=—1

[lencTBUTENBHOE YNCITIO a Ha3blBAEeTCHA OENCTBUTENBHOM
yacTblo z=a+bi (Re z), a yicno b-mHMMOM YyacTeio (Im z)

KomnnekcHoe 4ucno z=a+bi wu3obpaxalT TOYKOMU
NIOCKOCTU C KoopamnHaTamu (a;b)

Touka M(a;b), cooTBeTCcTBYIOLLAA KOMMMNEKCHOMY 4UChny
z=a+bi, Ha3blBaeTCca agbgbukcom JaHHOIo 4Yncna z.



[1Ba komnnekcHblX yncna (a; b) n (c; d) HasbiBalOTCH
paeHbIMU, ecnina=cunb=d.

KomMmnrekcHoe 4ncno a-bl Ha3biBaeTcs
KOMMJEKCHO COMPSAXXeHHbLIM C YMCrioMm a+bi
n obo3HavaeTcd yepes <

Z=a+bi=aDb

KomMnnekcHble 4yucna Buaa atbi m —a-bi HasbiBatoTCH
NPOTUBOMNOSIOXKHbLIMMW.



Apru(pMETHYECCKHE OIIepallMy Ha/l
KOMINICKCHBIMHU YNUCJIIAMHA
CymmMou KOMMNIEKCHbIX Yncen z = (a; b) n
w = (¢, d) Ha3blBaeTCA KOMMJIEKCHOE YUCIIO
(a+c; b+d).

Pa3Hocmbro KOMMNMEKCHbIX Ynucen z = (a; b) n w
= (¢, d) Ha3bIBalOT TAKOE YMUCIIOU, KOTOPOE B CYMME
C YNCIIOM W OAeT Ynucno z

Z=WwW+ U.



CnpaBeanuBo cneaywllee npaBuno:
(a; b) —(c; d) =(a—c; b—d).

[lpou3zeedeHuem KOMMNMEKCHbIX Yncen z = (a; b) n
w = (c; d) Ha3bIBalOT KOMMMEKCHOE YUCIO
(ac — bd; ad + bc)

YacmHbIM OT JerneHnd Z Ha w Ha3bIBaloT YMCIIO U,
paBHoOE:

ac+bd bc—ad
cc+d’ P +d’

U =



HaxoXxgeHune cteneHen umcna i

Ecnn noka3aTtenb cTeneHu | gennutca Ha 4, 1o
3Ha4YeHne cTeneHun paBHo 1, ecnu Npu aeneHun
nokasarengd Ha 4 B octatke nony4aetca 1, 10
3HA4YeHne CTENEHN paBHO I, eCnNu Npu aeneHun
nokasaTtens Ha 4 OCTaTOK paBeH 2, TO 3Ha4YeHue
CTENneHu paBHoO -1, ecnn B ocTaTtke Npu AeneHnm
nokasatena Ha 4 byaet 3, TO 3Ha4YEHNE CTENEHU
PaBHO —I.



 Beruncnuts: 1) 1 0, 2) 1'%, 3) %1% 4)il7
Peinenue:
1) i66

66:4=16(2). OcTaToK paBeH 2, 3Ha4uT i°0=-

2)i143
143 :4=35(3).B ocrarke 3, 3Hauut i **=-i

, 3)i216
216:4=54(0).B ocratke 0, 3Hauur i*'°=1

4)i137

137:4=34(1).B ocrarke 1, 3Haunr i'*’=i



NMpumep 1

3+ 21

Bolumennts: (1 + 2i)i

1—1

D(1+20)i =i +2i° =-2+i

2)

3+42i _ (3+2i)(1+i) _ 342i43i+2°

C 34350

2_

=i (1=-i)1+0) -7

1 5) 5 3.
2H)- (2 2) X

1+1



[eomeTpUYECKUN CMbICT KOMMJIEKCHOIO
yucna

Kaxxgon Touke M nnockoctn ¢ koopauHatamu (a,b)
COOTBETCTBYET OAMH N TONMbKO OAWH BEKTOP  OM = 7

C Ha4arnom B Touke z = 0 n KOHLOM B TOYKe z=a+Dbi
Y,

b M(a;b)




Ecnu KomnnekcHoe 4ucrno Z= a+bi mpakmosampe Kak
mouky M (a,b) nnockocmu xQOy, mo mMooyrib Z paseH
paccmosiHuU moyku M (a,b) om Havarna KoopOuHam

Iz|= \/ a’+b’

Ecnu Ha rinockocmu esecmu rosisipHble KOOpOUHamal
(rp), e0e @ apaymeHm d4ucrna z (p=argz) - yaor
mexaoy deucmeumernibHou ocbkto OX u eekmopom OM,
mo a=rCOSqo, b=rSINqp

B cuny 3moa2o KOMI/IEKCHOe 4ucrio Z MOXHO
sanucams 8 popme Z = r(COS @+iSIN @),

20e r — MoOoyrb Yucna Z, ¢ — yeorn (8 pad.), Komopbiu
cocmaernisiem gekmop OM ¢ nonoxumernbHbIM
HaripaesieHUeM ocu ox




Tpuronomerpudeckasi popma
KOMILJICKCHOI'0 YHCJIA

Tpuzonomempuueckou (popmoi KOMIICKCHOTO YHCIa
Ha3bIBAIOT €0 3aITMCh B BUJIE:

z =r(cose + ising), TAE r=+/a*+b> - MOAYIb, &

(@ — apryMEHT YMCJIa Z, CBSI3aHHBIN C a U b (hopMyJIaMu:

(& 4
Va® + B>
b
\/ a’> + b~

Yron ¢ U3 IpoMeKyTKa |— ;7| Ha3bIBaeTCs INaBHBIM
apryMeHToM. Bce ocTanbHbIe 3HAUEHHUS yIia () MOTYT OBITh
IOJTy4EeHEI IIpHOaBIICHUEM K ITIaBHOMY apryMeHTY 3HAUCHHI

27 n, IIe n — JI000¢€ 1IeJI0€ YUCIIO.

COsS @ =

>

S1IN ¢ =




NMpumep?2.
3anucaTtb B TpUroHomMmeTpuyeckon doopme: —2~/3 +2i

CHayana HaxoguM MoAymb yncna; I = \/(—2\/5)2 +2° =4

[anee, cornacHo doopmynam (*),

NMEEM. cosq):—&:_ﬁ;sin(p:%:l
4 2 4 2
YuutblBas, uto yron gel-mn| o= 5?”

Ntak, z= 4(cos%+isin S—EJ

6



JleuCTBUA HA/lI KOMILIEKCHBIMU YU CJIaMU,
3aJaHHBIMHM B TPUTOHOMETpPUYeCKOu popme

[Ipy yMHOXXEHUH/AETICHUN KOMILJICKCHBIX YHCE],
3aJJaHHBIX B TPUTOHOMETPHYECKOM (hopMe, X MOIYIU
NIEPEMHOKAIOTCS /JICIISITCS, & APTYMEHTBI CKJIa IBIBAIOTCS
(BBIYATAKOTCH).

2,2, = 11, (Cos(@, +@,) +ismn(@, +@,))

z, »
L= "L(cos(p, —,)+isin(p, —,))
z, T, (2)

(D)



I[Ipumep3. BINOTHUTE IEUCTBUA:

T .. T 1 27
4 cos— +1isin * COs| ———
6 6/) 10 3

Hcnonb3ys popmyny (1), Haxogum:

j . ( 27
+isin| ——
3

4 T 27 . (rn 2r 2 T .
—| cos| ——— |+isin| ——— | |=—| cos| —— |+isin
10 6 3 6 3 5 2

)



[lpn BO3BEOEHUM KOMMIIEKCHOIO YNCIIA
z=r (Cos¢ + iSing) B HATypanbHYIO CTENEHb
n

MOAVYJ1b AaHHOIO Y1CJia BO3BOAOUTCA B 3TY CTElEHDb,
d dPryMeHT YMHOXa€eTCA Ha MNoKaa3aTeJib CTENEHMN.

dopmyna Myaspa

z' =r"(cosnp+ismnne)4)



KopeHb N-1 cTeneHn n3 KOMMIEKCHOIO

ymncna z =r (Cosg +iSingp) umeem n pa3snuyHbix
3Ha4YyeHUU, Komopble Haxo0ssmcs rno goopmyre :

vz =4/r| cos +1sIn + oK 3
7 =1y ¢+ 21K 0,
n n

30ecbk=0,1, 2, ... n-1



I[Ipumep4. Pemuth ypaBHEHUE 22 +4=0

KopHamu JIAHHOLO YPABHEHHSA ABJIAIOTCA BCE 3HAYCHHS V-4
Jlns yncna -@ ameeM r =2,

2
ComniracHo popmyiie(3),

HAXOIHM:
: \/1 = ﬁ(cos i +22m< +isin i +22m<J

Ecimu x = 0, TO wlzﬁ(cos%+zsmzj J2i

Ecimk=1,10 0, = ﬁ(cos%ﬂ'sin%j = —\/Ei



lTlokazamersibHasi popmMa KOMMIIeKCHO20
yucna. Popmyna dunepa

Ecnv KoMnnekcHoMY Yncny(Cos @ +isin @)
. MOZyINb KOTOPOro paBeH 1, NOCTaBUTbL B COOTBETCTBUE

nokasaHHOe BbipaxeHug'® » 10 NOJNyHNM

. _COOTHOLgHMe
COS(ﬁ +I1smme =e y
TO NOMYy4YMM COOTHOLLUEHME KOTOpOe Ha3biBaeTca ¢ghopmysoli
dunepa. MOXXHO 3anucaTthb B
ITroboe komnnekcHoe Yncnenae
— P
Z =re

. OTa doopma 3annucm KOMMMeKCHOro Ynucna
Ha3blBaEeTCA rMokalamersibHou ¢hopmodu.



I'Ipumep: 3anucartb YMCno B rnokasaTterbHOu

doopme.
z = 3(cos3—ﬂ +7sIn 3—ﬂ)
2 2
PeweHne: 3pece =3, = 3
2

Torga nokasaTenbHast doopma ymicna umeet Bua

Ry
l_

z =3¢ ?



Mpumep: 3anucatb uncno Z = —iB nokasaTenbHON

doopme.
PeweHue. Y1o Obl NpeacTaBuTh B 7 = re'?
4yncrio BuAe

HY>XHO HanuTW Moayrb W aprymeHT ~

Sﬂ@&i:(), b=-5 Tormar=+a>+b> =/0+(=5) =5, ¢ =3§,

TaK Kak ToOYKa Z JIC)KUT HA MHUMOM OCH KOMIIJIEKCHOM IIJIOCKOCTH.

3Had r n ¢
nony4mm

R¥/
—1

z=15¢ 2



oJleicTBUS HAJ KOMIUIEKCHBIMU YHCJIAMMU,
3aJaHHBIMHU B MOKa3aTeJbHON (hopMme

Ecrniu KomriniekcHble yucria 3arucaHbl 8 rnokasamesibHol
opme, mo yMHOXXeHue, derieHue, 8038e0deHUe 8 cmereHb
rpou3eooumcs ro ripasusiam deucmaeuul co cmereHsMU.

Tak, ons npom3seneHnAa N HaCTHOro KOMMJieKCHbIX YNCET

z, =re” hnz,=re" crnipaBeanvBbl OPMYrbI
_ i(p+@, )
=1 __ e’ (Pr—>2)
=5 7>

d Aand N-N CTeneHm KOMMIeKCHOro 4ymcna I/ICI'IOJ'Ib3yeTCFI
n n 1(pn
«popmyna z"” = p"e’?



[1Nna BblYMUCIIEHNA KOPHS U3 KOMMJSIEKCHOMO Yucna
z=re"
ncnonbadyercda popmyna

Q+2 1k

%=%ﬁe "

roe kK npuHmmaet n 3HadveHun: 0,1,2,...,n-1.




NMNoHAaTHe PYHKLUM KOMMNEKCHOro nepemMeHHOro u
oTNnuYue oT AeUCTBUTENIbHOro aHanu3sa

[TycTb D — HekoTOpasi obnactb Ha KOMMIEKCHOM MMOCKOCTHU

OnpepeneHue. ®yHKyuUeU KOMIMI€KCHO20 ap2yMeHma C
obnacTtbto onpeaeneHnsa D Ha3bIBaeTCcsaA COOTBETCTBME,KOTOPOE
NOHboOMY KOMMIIEKCHOMY YNEIlY COMOCTOBMAET
OJHO WUIIN HECKOSbKO KOMMIEKCHbIX 3HAYEHUN.

Takmm obpasom, B OTNINYmMe OT JEUCTBUTENBHOIO aHanmaa, B
KOMMJIEKCHOM aHanu3e OOorMyCcKarTCA MHOro3HayHble OyHKLUN.
Hanpumep,

f(z)=az+b (a, b — PpUKCMpoBaHHbIE KOMIMMNEKCHbIE Yncra)-
ogHO3Ha4YyHaa PyHKUUS,

f(z)= ~? - 0fHO3HaYHag PYHKLMS



f(z) = 2/ z - n-aHauHas QyHKLMS:;
f(z)= Argz -6GeckoHeuHO3HAYHAs DYHKLNS.

Ecnn pyHKUMA oaHO3Ha4YHAa,TO OHA MOXET ObITb
3afaHa B Buge otobpaxeHua [ : D — C B Takom
cnydyae oyHKUMSA Ha3blBaeTca ogHonmMcTHou .B
OanbHenwem, ecnu He ykasaHo ocobo,bynem
paccMmaTpuBaTb OQHOMUCTHLIE OYHKLNM.



[Mpumep: Ona pyHKUMN £ (z) =

z” +1 + HaUTK f(l)
l

PelweHne: [logctaBuM B MeCTO Z 3Ha4YeHUE | B PYHKLUMIO

1(i)= Cl T oo
2 2

1

Oteet: f(i)



KOMMOHEHTbLI OYHKLUN

Myctb naHa dyHkumns ,  f(z) ze D Mpencrasum z B
anrebpanyeckon popme  z = x + iy 3HadeHue f(x)-
KOMMNIMEKCHOEe YnUCro,T.e. f(z) e GKOTOpPOE TaKke MOXeEM
npeacTaBuTh B anrebpanueckon dopme S (2) =u(z) +ivege
n  u(DencremenoHble PYHKLMN KOMMNEKCHOTO apryMeHTa,
HO 3aJaHue A 9KBMBaANEHTHO 3adaHuio napbl(X,y).
OKoHYaTENbHO,MIBYI0 (DYHKLMIO KOMMIEKCHOMO apryMeHTa
MOXHO MPeacTaBUTb B BUAE

f(2)=u(x,y)+iv(x,y)rme u(x») u V(X ¥)-
OEVNCTBUTENBbHbIE PYHKUUN ABYX OEUCTBUTENbHbIX
nepeMeHHbIX.PYHKLUN U U V Ha3bIBalOTCS KOMMNOHEHTAMM
doyHkunm f(z),u- oencremnTenbHasgs KOMNOHEHTA,V-MHUMas
KOMMNOHeHTa.[ InwyT :

u=Re f(z) v=Imf(2)



Mpumep: Ans oynkummn  £(z) = (x +iy)” + 4i
ne Z =X+ IV HanTn ee 0eNCTBUTESbHYIO U
MHUMYIO 4acTb.

PelueHune:
(X+iY )2 +4i=X2+2ixy-y?+4i=(X?-y?)+(2xyi+4i)=(x2-y?)+i(2xy+4).

Torga gencreutenbHas Yactb yHKUMK f(z) - x2-y?,a
MHUMasa - 2xy+4.

Re(f(z))=x" -y
Im(/f(z))=2xy+4



[loHATNE HENPEPLIBHOCTN ONpPeaensieTca aHanormyHo
OENCTBUTENBHOMY CIy4yalo.

F(z)-HenpepbiBHaA B TO4YKe z, = lim f(2) = f(z,) = Ve >030(¢)

z—z

lz—z,| <8 = |f(2)— f(z)|<e TakK Kak 3TO onpeaerieHme
doopmanbHO coBnagaeT ¢ 00ObIYHbLIM ,TO BCE CBOMNCTBA
HenpepbIBHOU OYHKLUN KOMMIIEKCHOIo aprymMeHTa
coBnagarT AOCMOBHO CO CBOUCTBAMU AEUCTBUTENbHbIX

dOYHKLUN.



