OnTnMmnsaunsa pyHKUUK
OHOWU NepeMeHHOoNn



[lonnHOMManbHaga annpokcnMmaung

« OCHOBHaga ngest METOO40B NMONIMHOMKUAIIBHOW arnnpoKcuMaLunm cesizaHa C
BO3MOXHOCTbIO annpokcumaunm rmagkon pyHKUUmM NorIMHOMOM U NOocneayoLlero
NCMOSfIb30BaHMSA annpoKCUMUPYIOLLLEro NONMMHOMA ANA OLUeHMBaHUA KOOpAUHATLI
TOYKM onTMMyMa. HeobxogumMbiMm yCNnoBUAMU 3PHEKTUBHOW peannsaumnm Takoro
nogxona sBNATCA YHUMOOANbHOCTb M HENPEPLIBHOCTL UccreayeMon oyHKLUUN.

« CornacHo Teopeme Beneplutpacca 06 annpokcnmauymmn, HenpepbiBHYO PYHKUMIO B
HEKOTOPOM MHTEpPBAare MOXXHO annpoKCUMMPOBATb NOFIMHOMOM AOCTaTOYHO
BbICOKOro nopsaka. CnegoBarteribHO, ecnn oyHKUUS YyHMMoaanbHa U HauaeH
NOSIMHOM, KOTOPbIN AOCTAaTOYHO TOYHO €€ annpPOKCUMMUPYET, TO KOOPANHATLI TOUKM
onTUMyMa OYHKLUN MOXHO OLIEHUTb NYyTEM BbIYUCIIEHNS KOOPANHATLI TOUKM
onTUMyma nonmuHoma.

* [lpocTeninm BapnaHToM NosiIMHOMUaNbLHOM annpoKCUMaLuunn SBNAeTCS
KBagpaTtu4yHas annpokcumaums, KotTopas OCHOBaHa Ha TOM doaKkTe, YTO PYHKLMS,
npuHMUMarLwaad MMHMManbHoe 3Ha4yeHne BO BHYTPEHHEN ToUKe MHTepBana, 4oMmkHa
ObITb, NO KpanHen Mepe, KBagpaTUYHOW. Ecnu ke pyHKUKNSA NUHENHAas, TO ee
onTMMarnbHOEe 3Ha4YeHe MOXET OOCTUraTbCA TONMbKO B O4HOW U3 ABYX rPaHNYHbIX
TOYEK MHTepBana. Takum obpasom, Npu peanusaymmn MeToga OLEHNBAHUSA C
NCMosib30BaHMEM KBagpaTU4YHOW annpokcumMmaumm npeanornaraeTcs, Yto B
orpaHM4YeHHOM MHTepBane MOXHO annpPoKCUMUPOBATb PYHKLUNIO KBaapaTUYHbIM
NONMMHOMOM, a 3aTeM UCMOSIb30BaTb NOCTPOEHHbLIV MOIMHOM ANA OLeHUBaHUA



[ lonnHoMManbHaga annpokcumauns

« [1ycTb n3BeCTHbl 3Ha4YeHUA GyHKUMM f(X) B Tpex pa3HbIX ToYKax x1, x2, X3, paBHble
cooTtBeTcTBeHHO f(x1), f(x2), f(x3) Toraa pyHKUMA f(X) morKeT BbITb aNNPOKCMMMPOBAHA
KBaapaTuiHoMn dyHKumen : q(x) = ag + a;(x — x1) + a,(x — x1)(x — x,), roe
KO3 PUUMEHTbI agy, a1, A, ONPEeAEenAarTCA U3 YCI0BMA, YTO 3HAYEHUA QYHKLUN B ITUX
TOYKax paBHbl 3HAYEHMUAM NOIMHOMA g(X) B 3TUX Ke TOYKaAX.

* Umeem f(x1) = q(x1) = ap, f(x2) = q(x3) = f(x1) + a;(x; — x1)

* OTCloga Nonyyaem a, = (f(xz) — f(xl))/(xz — X1)
1 (f(x3)—f(x1) . f(x3)—f(x2))

X3—X2 X3—Xq X3—X2

* AHaNOrM4YHO Nonyvyaem a, =

x2+x1 a1

2 20,

* KBagpatnuyHaa pyHKUMA g(X) JOCTUraeT MUHUMYMA B TOYKe X*=

* Mockonbky dyHKUMA f(X) Ha paccmaTpnuBaemom nHTepBane obnaagaetT CBOMCTBOM
YHUMOAANbHOCTU, @ aNNPOKCUMMPYIOLLMN KBAAPATUYHBIM NONNHOM TaKKe ABNAETCH
YHUMOAANbHOU PYHKUMEN, TO MOXKHO OXKNAATb, YTO BE/INYNHA OKaXKeTCH
NPUEMIEMOMN OLLEHKOM KOOPAMHATbI TOYKM UCTUHHOTO onTumyma GyHKumm f(x).



CTtparterusi noucka
MeTtop [layanna

* MeTop [layanna oTHOCUTCA K nocnegoBaTesibHbIM CTpaTeErMsaM.
3apaeTcs HavarnbHas Todka 1 ¢ MOMOLLbIO MPOOHOro Lara
HaxoOUTCS TPU TOYKU TaK, YTOObI OHU DbINN KaK MOXXHO brinke K
MCKOMOW TOYKE MUHUMYMA. B nony4YeHHbIX To4Kax BbIYNCSOTCS
3Ha4YeHUNs PyHKUMKN. 3aTEM CTPOUTCSH UHTEPNONALNOHHbLIN
NONMMMHOM BTOPOU CTENEHU, NPOXOAALLNN Yepes3 3TU TOYKKU. B
KayecTBe NpubnmxeHns ToO4KM MUHUMYMa DepeTcs To4Ka
MUHUMYMa nosinHoma. 'lonck 3akaH4YMBaeTCs, Korga nosiydeHHas
TOYKa OTIINYAETCS OT Ny4dLUEn N3 TPEX OMOPHbIX TOYEK He bornee
yeM Ha 3aaHHYI BENTUYUHY.



MeTtop l'layanna
ANroputm

e lllar 1. 3agaTb Ha4YaNbHYO TOYKY X1, BeNIMUMHY wara Ax > 0, &, &,-
Ma/ible NONOXUTENbHbIE YXACNA, XapaKTepusyrouine TOYHOCTb.

e War 2. x, = x; + Ax
* War 3. Boiuncautb f(x1) n f(x,).
* lWar 4. CpasHutb f(x1) n f(x5) :
Echm f(xq) > f(x,),T0 x3 = x; + 2Ax

i AKX -X2.:AX X3



MeTog | layanna
ANroputm

“ Ecm f(xq1) < f(x5),TOX3 = X1 — Ax
f N

N(x)
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X3 AX X14X X2
* War 5. Bolumncantb f(x3) n HAUTU [ = min{f (x1), f(x2), f (x3)}, Xonin = Xi, [ (X)) =fmin-

* Lar 6. Mo X1, X5, X3 BbIMUCUTL X, UCNONL3YA GOPMYAY ANA OLLEHUBAHUA C MOMOLLbIO
KBAZPATUYHOI aNMPOKCMMALAM: . .
P 105 —x3)f (rg) + (5 —x9)f () + (xf — x5)f (x3)

2 (xz = x3)f(x1) + (x5 — x1) f (x2) + (x4 — x2) f(x3)
1 3HauyeHne GyHKumm f(X).
Ecnv 3HameHaTenb B opmyne ans X Ha HEKOTOPOM UTepaumm obpallaeTca B Hy/b, TO B 3TOM

CNy4dae pe3y/ibTaToOM MHTepPnoAALUKN ABAAETCA NPAMAA, TOraa cneayet NONOKUTb X1 = Xpmin U
nepenTu K wary 2.




MeTtop [layanna
AnNroputm

» |llar 7. [NpoBepKa OKOHYaHUA:

fmin—f(X)
f(x)
a) ecnm 06a ycnosmA BbINOAHEHDI, NpoLeaypa 3aKOHYEHA U X, iy = X;

‘Xmm X

<oy Bt

6) ecnm XxoTA OAHO U3 YCIOBUM He BbIMOAHEHO U X = x4, X3],
BbIOpPaTb HAUNYYLLYIO TOUKY (X, WM X) N ABE TOYKM NO 0be
CTOPOHbI OT Hee. O603HAYNTb 3TU TOYKU B €CTECTBEHHOM NOPALKE U
nepenTn K wary 5.

B) €C/1IN XOTA O4HO U3 YC/IOBUM HE BbINONHEHO U X & [Xxq, X3], TO
MNONIOXUTb X1 = X WU NepeuTn K wary 2.



HEeOIT pe,ﬂ,eﬂéHHOCTVI, MCMNOoNb3yHOoLWHe
nHbopmaumio o f(x)
» Kak MPaBUMO MCNOMbL3YIOT ANA HAX0XOEeHWS KOpHen yHKUUn
BbICOKOW CTEMEHM X
1. MeToa HbtloTOHa (MeToA, KacaTerbHON).
2. MeToa cekyLnx (xopa).
3. MeTog cpegHen TOYKMW.



MeTtoa HbroTOHa

® OAHUM U3 camMbiX 3GPEKTUBHbBIX U TOYHbIX METOA0B YTOYHEHUSA
KOPHEN HENMHENHOTO YpaBHEHUA ABAsSeTCA meToa HbloToHa.

* Npea metoga HbIOTOHA 3aKNKO4YAETCA B TOM, YTO B OKPECTHOCTU
nmetowieroca npmbamxkeHua x,, 3agada f(x) =0 samenaAeTcs
HEKOTOPOM BCMNOMOraTe/IbHOM IMHENHOM 3a4a4en. ITa 3a3a4a
BblOMpaeTca TaK, YTOObl NOrPELHOCTb 3aMeHbl Mena 6onee BbICOKUA
NnopAaOK MasnoCTU, YeM NEePBbIN (MOPAJOK ManoCTU) B OKPECTHOCTHU
nmetrouleroca npmbamxKeHusa. 3a cneayouwee npnbankeHme
NPUHUMAETCA pPeLleHne 3TON BCNOMOraTeibHOM 3a43a4MW.



MeTtoa HbroTOHa

« MeToa cocToUT B 3ameHe KpuBoM y= f(X) Ha KacaTenbHyYO K HEN B
npouecce Kaxkaou utepaunm. 31o BUAHO M3 ypaBHEHUA KacaTeNbHOW,
Y o -— /
nposegeHHoM B Touke (X, f (x,)): Yy — f(x)=f (x,)(x — x;,)
* N3 KOTOPOro pacyeTHasa popmyna metoaa HblOTOHA NoNyYaeTca, ecnu
NONOXUTb y=0, X = X, 1:

f (xn)

xn+1 — xn _fl(x )
n

CxoanMocTb MeToda KacaTerbHbIX
KBagpaTu4Has, NopsioK CXOAUMOCTHU
paBeH 2.

Takum obpa3omM, cxoOuUMOCMmeb
Memooa KacamersibHbIX HbromoHa
o4YeHb bbicmpas.



MeTton HbroTOHa

« J/loCTaTO4YHblIe YC/I0BUA CXOAMMOCTU onpenenArTCA TEOpEMOVI.

* Teopema: MNycTb f(X) onpeageneHa n aaxkabl anpdPepeHumnpyema Ha oTpesKe
[a,b], npnuem f(a)*f(b)< 0, a nponssoaHbie f'(x) n f''(x) coxpaHAlOT 3HaK Ha
oTpeske [a,b]. Torga, ncxoaa U3 HavyanbHOro NPUBAMNKEHUA X,

yaosnetsopatowero HepaseHcTBy f(xy)f "' (xg) > 0, MOXHO NOCTPOUTH
f(xXn)

frixn)’
eMHCTBEHHOMY Ha oTpe3ke [a,b] peweHuto € ypasHeHua f(g)=0.

NnocnenoBaTeNIbHOCTb Xy 411 = Xy — n=0,1,... cxogdALwLytoca K

* Metoa, HbtoToHa adpdeKTUBEH, ec/in BbIBpaHO Xopollee HavyalbHOe
NpnbAnNKeHne KOpHA U rpadmk GyHKLUMN nmeeT BONbLUYIO KPYTU3HY B
OKPECTHOCTU KOpHA. B aTom cnyyae npouyecc 6bICTPO CXOAUTCA, CO CKOPOCTbHO
reomeTpuyeckomn nporpeccum. Ecam ke uncneHHoe 3HadyeHue f'(x) 86amn3u
KOPHA Mano, T.e. rpaduk noytn napannenen ocu 0x, To BbiIbop meToga HbtoToHa
BPAL, M PA3yMEH.

* Ecnhun 6bl f(x) 6blna nMHeNMHON, TO meToa, HbtoTOHa Hawen 6bl KOpeHb 3a OAHY
nTeEpPaLMIO.



MeTtoa HboTOHa
AnNroputm

« [llar 1. Ha oTpe3Ke [a,b] 3aaaTb HayanbHOE NpUbAMNKEHUE X5 = A U
TOYHOCTb BbIYUC/IEHUS E.

 lLar 2. Boiuncnutb oyepeagHoe npubamxkeHune no popmyne:

f(Xn)
Xni1 = X — 1o n=1,2,...

LLiar 3. MoBTOpUTb Npoueaypy 2 A0 Tex Nop, NoKa |x, — x,,_1| < &,
Torga x*=x,,.



MeTon cekyLmnx

* MeToa ceKyLnx OpUeHTMpPOBaAH Ha HaxXoXaeHNe KOPHS
ypaBHeHua f(x)=0 B UHTepBarne [a,b], B KOTOPOM UMEIOTCA BE
TOYKM, B KOTOPLIX f(a)*f(b) < 0. Mexay aTuMu TouKamu
NpoBOOUTCA ceKyLlasa K KpuBon y= f(x). B kadecTBe cnegyroulero
NpMoNMXeHNs BbIOMPAaETCH TOYKa NepecevyeHns 3Tom CEKYLLEN C
OoCbto abcuucc. [pouecc NOCTPOEHUS CEKYLLNX U HAaXOXOEHUS
TOYEK NepecevyeHnsa ¢ OCbto NpoaomkaeTca 4o TeX Nnop, noka
Pa3HOCTb MeXxay ABYMS nocnenosartenbHbIMU NPUONXKEHNSA He
CTAHET MeHbLLE €.



MeTop cekyLiunx (xopa)
« [eoMeTpMYECKM 3TOT cnocob sKBUBAIEHTEH 3ameHe KpuBol f(x) ceryuyen
AoB, npoxogsweii vepes Ay (b, f (b)) v B(a, f (a)).

* TouKa nepeceyeHuns x,; cekywen AyB c ocbto OX MOXKeT bbITb HanaeHa U3
ypaBHEHUS: —— = y—/(a) (b=a)j(2)
"b—a  f(b)-f(a) f(b)-f(a)
* X1{ULWEM KaK nepecevyeHmne cekywen A,B, rpe A1(xq, f(x1)), c ocbto Ox:
X—X1 _ _Y=f(x1) (b—x1)f(x1)
b—x; f(b)—f(xq)’ f)—f(x1)’
* Kaxkpoe ouyepegHoe npnbamxkeHmne K CTauMOHApPHOM TOYKe X, onpeaensaertcs
. (b=xn—1)f (Xn—1) y 1
f)—f(xn-1)
* [pouecc npoaoaKaeTca A0 TeX NOP, NOKA He
OKOHYaHMA NoUCKa: |x, — x,,_1| < €.

.Monaraay =0, umeem: x; = a —

[Monaraa onatb y=0, umeem: x, = x; —

no ¢opmyne: x,, = Xn_1

/\ 1 \ 0




MeTon cekyLnx
AnNroputm

« [llar 1. Ha oTpe3Ke [a,b] 3aaaTb HayanbHOe NpubanKeHUe Xy = a u
TOYHOCTb BbIYUC/IEHUSA E.

 lWar 2. Bbluncantb oyepeaHoe npubamxKeHmne no popmyne:

(b—xpn-1)f (Xn-1)
f(b)—f(xn-1)

* LLlar 3. MNoBTOopUTb Npoueaypy 2 40 TeX Nop, NoKa |x,, — x,_1| < &,
Torga x*=x,.

xn — xn_l - ) rlﬂle n=1,2,...



MeToa cpegHen TOYKU

* OCHOBaH Ha ariropuTMe UCKIMHYEHUA MHTEPBANOB, Ha KaXXaom ntepauum
KOTOPOro paccmMmartpuBaeTcs oaHa rnpobHas To4vka R. Ecnu B To4ke R
BbINonHAeTcAa HepaBeHCTBO f'(R) < 0, TO B cneacTBUM YHUMO4AlNMbHOCTU
doyHKLUMM TOYKa ONTUMYMa HEe MOXET NeXaTb JieBee TOYKM R. AHarnMorn4Ho,
ecnun f'(R) > 0, TO MHTepBarn x>R MOXHO UCKITIOYUTD.

*[lycTb B MHTEpBane [a,b] umeroTca aBe TO4KN N 1 P, B KOTOPbIX
nponsBogHble f'(N)<0 u f'(P)>0. OnTnmanbHaga To4ka x* pacnonoxeHa
mexay N u P.

e LLlar 1. Nonoxutb P=b, N=a, npun4yem f'(a)<0 n f'(b)>0.
o lllar 2. Bbiancnutb R=(P+N)/2 n f'(R).

e llar 3. Ecnun | f'(R)| < e, TO 3aKOHYUTbL NOUCK. B NpoTMBHOM Cclny4ae, ecnu
f'(R)<0, nonoxutb N=R, u nepentn Kk wary 2. Ecnu | f'(R)| > e, nonoxutb P=R
nnepenTun Kk wary 2.

 Kak cnegyeT 13 norm4eckom CTPYKTypbl, NpoLieaypa novcka no Metoay
CpedHen TOYKM OCHOBaHa Ha UccrnegoBaHnKM TOMNMbKO 3HaKa NPOU3BOAHOMN.




