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BeedeHue




Ha3HayeHue Kypca

MaTemaTunyeckmun aHanms aBnyaeTcs
doyHOameHTansHoM AUCLUMNITNHON,
COCTaBNALWEN OCHOBY MareMaTu4eCcKoro
obpasoBaHus. Kypc npegHasHayeH ang
O3HaKOMJ1IEHUA CTYOEHTOB C OCHOBHbLIMU
NOHATUAMUN MaTEMATUYECKOro aHarnmaa n ux
NpUMeHeHNEM K pelueHunto 3agad. B Kypce
na3naratTcsa TpaauUMOHHBLIE Knaccuyeckmne
METOAbl MaTEMATUYECKOro aHarnmaa




[lenu npenodasaHus oucuUniuHsb!

Pa3BuTune NHTENMeKTa n CriocCobHOCTEN K
JTorm4eCcKkomMy mn aJiropurtMmM4eCKomMy
MbILUJTEHUIO,

OBby4yeHne OCHOBHbIM MaTeEMaTUYECKUM
MeTogam, HeobxoaumbiM AnNga aHanusa u
MOOENMMPOBAHNSA TEXHUYECKUX N APYrNX
3agau.




3adayu npernoodasaHus

Ha npumepax npoaeMoHCTPUpPoOBaTh
CTyAEeHTaM CYLLHOCTb MaTeMaTUYEeCKnNX
MEeTOA0B, HAay4YUTb Npuemam
nccnegoBaHnsa U peLleHnsd
MaTeMaTU4eCckn dopmManmn3oBaHHbIX
NpoCTeEULLUNX 3ada4y, NPUBUTb HABbIKK
CaMOCTOATENbHOM PaboThbl C
MaTeMaTU4eCcKou nutepaTypoun.
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KoHmporsib

Budbi koHmposns: B npouecce oby4eHus

CTYOEHTbI AOSTKHbI BbIMOMHUTL 2
KOHTPOSbHbIX paboTsl, 3 O3 n coatb
Teoputo. Kpome Toro, CTyaeHTbl AOIMKHbI
NPOUTUN MNPOMEXYTOYHYIO aTTecTaLuio.
Mmozoeass ammecmauyus
npedycmMompeHa 8 eude 3K3aMeHa
(KoMnbromMepHoe mecmupoesaHue).




ATTectauunu

CnocobbI npoeedeHUsI MPOMEXYMOYHbLIX

ammecmauuu, crnocob npoeedeHusi
umo2080U ammecmauuu u ycsioeusi
MoJ1y4eHUs1 Ha Hell MoJ1IoKumeJsibHOU OUEeHKU.

Ans nony4yeHusi nonoxxumesibHOU OUEHKU Ha
9K3aMeHe CTyOeHT OOMMKeH BbINOMHUTL BCe

KOHTPOmNbHbLIE PabOThI, BbIMOMHUTL U 3aLWUTUTL
Bce V3, NposBnATb akTUBHOCTb Ha 3aHATUAX U
perynapHo BbINONHATL BCe AOMAaLLHME 3adaHus.




llpedesibl U HenpepbIBHOCMb

1. OnpederneHue npedesia pyHKUUU.
2. OOHOCMOpPOHHUe npeodersibl.

3. becKkOHe4YHO Masnbie U 6eCKOHe4YHO
6os1bWUeE.

4. TeopeMbl 0 npedesiax.

5. Hekomopsbie npu3Haku cyujecmeoeaHust
rnpedena.

6. 3ameyamersbHbie rnpedesibl.
/. HenpepbieHOCMb.
8. Ceoucmea HenpepbI8HbIX (PYHKUUU.




Jlekuunsa 1




[Ipedesnbl QyHKUUU




OnpedeneHue pyHKUUU

Ecnu kaxxgomy anemMeHTy x€ X
NnocTaBlieH B COOTBETCTBUE
eOVUHCTBEHHbIN aneMeHT y=f(x) € Y ,roe X
N Y -AaHHble YUCIOBLIE MHOXECTBA, U NMpu
9TOM KaXOoMy aNeMeHTy yE Y
NoCTaBlneH B COOTBETCTBUE XOTHA Obl OAMH
aneMeHT XE€ X, To y Ha3bleaemcs
yHKyueu om x, onpedesieHHOU Ha
MHoO)Xecmee X.




Ob6pamHasi pyHKUUST

[TycTb MeXxay anemeHTamm MHoXectB X n Y
doyHKUMa y=f(x) yctaHaBnMBaeT B3aUMHO
OOHO3Ha4YHOEe COOTBETCTBUE, TO eCTb VXEX
COOTBETCTBYET O4UH U TONbLKO OAMH ero obpas y
=f(x) € Y nobpartHo, gna V y € Y Haugetc4
eOVHCTBEHHLIN NMpoobpas x € X Takon, 4to f(x)
= y. Torna pyHkumsax = f'(y) ,roey €Y,
yCTaHaBnMBawLlasad COOTBETCTBUE MeXay
anemMeHTamMu MHOXecCTB Y 1 X, Ha3blBaeTc4
obpammHoi ons pyHKunM y = f(x).




OnpedesieHUe oKpecmHocmu

OkpecmHocmbro O (a) TOUKK a
Ha3blBaeTcAa Nbon nHTepBan a < x <
B, OKpy>KaroLWmnmn 3Ty TOYKY, N3
KOTOPOro, Kak npaBwumno, yaaneHa cama
TOYKa a.

[Tog okpecmHocmbro O(~) cnveona
6eCKOHEYHOCTb NMOHNUMAETCS
BHELLIHOCTb Ntoboro otrpeska [a,B], TO
eCTb O («) = (-0,a) U (B,+ «).




OnpedeneHue npedesibHoU
MmoYKU

O-OKpPEeCcCmHOCMbHIO TOUYKN a
Ha3blBaeTcqa nHTepsan (a—90,a+0d), He
cogepXxalwmm Touky a, 1.e. O (a, 0) =
(a- 0, a)U(a, a + 0d).

[TycTb doyHKUMA f(X) onpeneneHa Ha
MHOXecCTBe X, KpOMe ObITb MOXET
TOYKM a.




Touyky a mbl 6yOem Ha3bleamb
npeodesibHOU MOYKOU MHO)Xecmea
X,

ecrnu B ntoboun O -OKPECTHOCTU TOYKU

a cogepxntcst beckoHe4YHO MHOro

Touek XE X, To ecTb O (a) X # 2 ans
VvV O(a).




OnpedesieHue npeoena

Uncno A HasbiBaeTcs rnpedesiom
dyHKUMM f(x) B TOUKE a (Unn nNpmn x—a),
ecnu onga nboro € > 0 cywecTsyeT

yucrno 0(g) > 0 Takoe, 4To ANga ndOro x
€ X, yooBNeTBOPAIOLLErO YCNOBUIO

0 < |x-—al| <6, cnegyet HepaBeHCTBO
|f(x) — Al|<E.




[lpy2oe onpedesieHUe npeoesa

['oeopsim, ymo 4yucno A ssenissemcsi
rnpedesioMm PyHKUUM f(X) Npu x—a,
ecnn ana Vv € > 0 cywecTByeT 0-
okpecTHocTb Todkn a O (a,0) = {x]| O0<
|x-a|<d},roe

0 =0 (¢), Takasa, yTto ana Vv x € O (a, 0)
BbIMONHAETCS Hepa'—’[ﬁHCFBSifﬁf) - Al <

E. X—a

[1pn aTOM NULLYT:




YTBepxaeHve  lim f(x) = A
3KBMBANEHTHO CMEdyioLLemy:

|f(x) — A| <€ npu |x | > A, rge A = A(g)
3aBUCUT OT € U MO CMbICIY ONpeaeneHus

ABNAETCA OOCTAaTOYHO OONbLUNM
NONOXUTENbHBLIM YNCITOM.

MHOXXEeCTBO BCEX TOYEK X, AN KOTOPbIX

| x| > A, oueBUAHO ABASETCA CUMMETPUYHOMN
OKPECTHOCTbIO CUMBOJSIA .




A+e

'eomempu4eckas

usisincmpaudus

A-¢

=f(x)

a-0 a ato




[lpnBegem elle oaAnH PUCYHOK,
NOSACHAKOLNN onpeaeneHne npegena.

[y
A+e Y=1(x)
A
A-¢ //
o) i} a+o X
> a-0 a




Ha aTom pucyHKe nsobpaxeHa
dyHKUMS, KOTOpas B TOYKE a HE UMeET
npegena.
y




O0HOCMOPOHHUE rnpedesibl




OodHOCMOpPOHHUE npedesibl

ITtobon nHtepsan (a, a), NpaBbIM
KOHLIOM KOTOPOro ABMSAETCS TOYKa a,
Ha3bIBaETCH /1€80U OKPECMHOCMbIO
TOYKM a.

AHanorn4Ho nobon nHTepsan

(a, B), NeBbIM KOHLIOM KOTOPOro
ABMAETCA TOYKa a, Ha3bIBaeTcs ee

rpasoU OKpecmHoOCMabIo.




OodHOCMOpPOHHUE npedesibl

CumBonuyeckm 3anuce X—> a+ 0
O3Ha4aeT, YTO X CTPEMUTCH K a crpasa,
ocTaBasiCb OOMbLWINM &, TO eCTb NMpu X > a;

zarmce X—> a—0

O3HAYaEeT, YTO X CTPEMUTCSH K a cnesa, To
ecTb Npu X < a.




OoHOCMoOpoOHHUE npeodesibl

lIMm f(x): A 6ygem Ha3biBaTb
x—>a-0

J1e80CMOPOHHUM rpeodesiomMm
dyHKUMM (NpU x —y g  cnesa),

im f(x)=A -2
x—a+0
rnpasocmMopPOHHUU ripedesi DYHKLINN.




OodHOCMOpPOHHUE npedesibl

Teopema o cywjecmeoeaHuu npeodesna
dyHKUMS ¥ = f(x) umeeT lim f(x)= A

X—>a
B TOM W TOMNbKO TOM Clny4ae, Korga

CYLLECTBYIOT 1 paBHbI ApYyr Apyry ee
NEBOCTOPOHHUN W MPaBOCTOPOHHUN

npegenbl npu X — a.

Torpa lim flx) = lim flx) =
x—a-0 X—>a+0

" lim f(x)= A.

X—>a




beckoHe4YHO mMasibie U
6eckoHeYHO bosibuwue




OyHKUMSA a(x) Ha3blBaeTcA 6@CKOHeYHO
MaJsiou rnpu x—a, ecnu

lim(x(x) = 0.

AcHo, yTOo TorE§ la(x)| £ € pna Bcex X
€ O(a, 0)n v e>0.

Hanpumep, dyHkuma f£(x) = x”
aBnsaeTcst beckoHe4yHo manou npu x—0.




OyHKUMS f(x) Ha3bIBaeTCcs 6@CKOHEYHO
6onbwoli npn X—> ad,ecrv lim f(x)= «

OTO PaBHOCUITBHO TOMY, YTO KaknuM Gbl HU
obino yncno M > 0, HanaeTcsa Takas
okpecTHocTb O (a, 9), YTo ONnA BCeX

x € O (a, 0)|f(x] > M.
Hanpumep,  o(x) = Lz _BecKoHeYHO

bonbwaa npn x—0 . X




Jlemma.

Ecnu f(x)— npn x—a,

10 npn x—a.

f(x)
1

Ecnna (x) — 0 npu x— a, 10 —>
npu x — auna(x) # 0. o (X)




Jlekuunsa 2




Ceolicmea 6ecKOHeYHO MarsbiX.
Teopema 1.

Anrebpanyeckasi cymMma KOHeYHOro
ynucna 6ecKoHe4YHo MarnbixX npu x —
a PyHKUMN eCcTb PyHKUUA
beckoHe4yHO Manasi npu x — a.




Teopema 2.

[Ipon3BegeHne KOHEYHOro 4ucna
OEeCKOHEYHO MarnbIX NP X — a
dyHKUMN ecTb OECKOHEYHO Manas
npu x — a PyHKUMA.




Teopema 3.

[Tpon3BegeHmne 6eckoHe4vYHo
Marnou npmn x—a yHKUMn Ha
dOYHKLUIO, OrpaHUYEeHHYI0 NpU

X — a, eCTb beckoHe4yHO mManas
Nnpn X — a.




Cnedcmaeue.

Llenaa nonoxutenbHasa cTeneHb
OeckoHe4YHO mManowu npu x — a
dyHKUMN a(X) eCTb BECKOHEYHO
Manasi npm x — a.

(a(x))"




Ecrm lim f(x)=A , 710 B cuny
onpenénénus npeaena yHKLMY
nonyyaewm: |f(x)-A|<€ npwu
x€ 0O(a,0), 4To 03Ha4aerT, vTo f(x) — A

ABMAETCA OECKOHEYHO Marion rnpwu
X— a.




Torga, nonaras f(x)-A=a(x),
nonyuymm: f(x) = A + a(x), roe
a(x) — 0 npn x — a.

Takmum obpa3om, MMEEM:

im f(x)= A<=> f(x) = A+ a(x)
18 a(x)— 0 npn x — a.




TeopeMblI O npedesiax




Teopema.

Ecnun yHKuma f(x) = ¢ NoCToAHHa B
HEKOTOPOU OKPECTHOCTU TOYKU a, TO

lim f(x)= c.
X—>a
Teopema.

Ecnu f(x) nmeeT npegen npu x—a, 1O
9TOT Nnpenen eauHCTBEH.




dyHKUMA f(X) Ha3blBaeTca ogpaHu4eHHoU
Ha 0aHHOM MHo)XKecmee X, ecnu
CYLLECTBYET TaKoe MONOXUTENbHOE YMCIIO
M, uTo |f(x)| < M npun Bcex x €X.

Ecnn Takoe yncno M He cyllecTBYET, TO
doyHKUMA f(X) Ha3bIBaeTCA
HeozgpaHuU4YeHHoU




Jlemma. Ecnun doyHKUMA f(X) umeeT
npenen A npu x—a, To OHa orpaHn4yeHa
B HEKOTOPOU OKPECTHOCTM TOYKM X = a.

Teopema. [Mycmsb cywecmasyem
lim fix)= Au nycmb M <f(x) <N &

X—a

HEKOmMopou OKPEeECMHOCMU MOYKU X = a.
Toecoa M <A<N.

[lonoxxumernbHas yHKUUS HE MOXKEem
umMemsb ompuuameribHo20 rnpeaoerna.




Teopema 1.

Ecnn B ToOUKe a cyLlecTBYIOT
npenensl dyHKUMKM f(x) n g(x), To B
9TOU TOYKE CYLLECTBYET U npenen
CyMMbI f(Xx)xg(x),npuyem

lim( f(x)+ g(x))= lim f(x)£ lim g(x)

X—a X—a X—a




Teopema 2.

Ecnn B TOUKe a CcyLlecTBYIOT
npenenbl PyHKUMKU f (x) n g (x), TO
CYLLECTBYET N Npeaen npon3seaeHus
f(x) -g(x), npnyem
lim| £(x)- g(x)|= lim f(x)- lim g(x)

X—>a X—>a X—>a




Cnedcmaeaue.

[TOCTOAHHBIN MHOXUTENb MOXHO
BbIHOCUTb 3a 3HaK npeaena.




Teopema 3. Ecnu B ToUke a
CYLLECTBYIOT npeaenbl PyHKUMK f(x)
n g (x) vnpmdmomg(x) =0 |

TO X—a

CYLLECTBYET eneh madrixmno ,
npudemm A = X2d

x~a g(x) limg(x)




x°- —5x+1
Hantm 1im
xX—>0© X7 —x — 2
1
2 _5x+1 1_§+_5
hmx X = lim X X

) lim(1—§+i)
. x° —=5x+1 X—>»00 X x2
Iim > = 1 5 =1
OEXT =X -t -5

X—>00 X xz




[Tlpumep

Hantm lim=> _2x+1.

x—1 3

Mpeobpasyem gakHy yHKUMIO Tak,
4TOObI BbIOENUTL B YNCnuTene u
3HamMeHaTene MHoOXuTtenb x—1, Ha
KOTOPLIN U pasgenum ganee YICnuUTenb U
3HamMeHaTenb:

2
T 2l SUSTASI Cdut) RS R, ot SN
=l xd —x xslx(x =D+ x>lx(x+1)




[Tlpumep
g . Vx—1—3
Hantm Llim

x—10

—10
[TIpeobpasyem ,u,aHHyro beHKLI,I/IPO YMHOXWB
YNCNNTENDb N 3HAMEHaTeNb Ha +/x—1 +3.

vx— —3:(\/x— —3)(\/x—1—|—3): x—1-9 _
x—10 (x=10)(Vx—1+3) (x-10)(Vx—1+3)
x—10

1
C (x=10)Wx—143) Jx—1+3.




[Tlpumep

3 —_
ELwe ognH npumep. Bolvmncnntb limy2 1.
12 x—1 4/X_1
[Tonnoxxum x=y -,
3 - 4 _1 2 _1 2 1
lim X lzhm y3 = lim (y gy T ) —
x—>14x_1 y—>1y —1 y—l (y_l)(y _|_y_|_1)

—lim (y—l)(y+1)(y2 +1) _lim (y+1)(y2 +1) _ 4.

y—1 (y—l)(y2+y+l) y—1 y2+y+1 3




llpu3Haku cyujecmeoeaHus
npederna
«Teopema 0 d8yx MUIUYUOHepax»

|
I
I




Teopema (0 npomMexxymo4yHou hyHKUUU).

[TycTb B HeKoTOpOoU oKkpecTHOCTU O (a) TOYKK
a pyHKunsa f(x) 3aknoyeHa mexay OBymMms

PyHKUMAMUp(x)  w(x) , VMeroL MK
ogunHakoBbIV Npeanen A npu x — a, To eCcTb

P(x) < f(x) Sy (x) Z
lime (x) = limy (x) = A.

X—>a X—>a
Toroa dpyHKUMSA f(X) MMEET TOT Xe npeaen:

lim f(x) = A.

X—a




llepebiu 3amevyamesibHbIU
npeoeJsi

Teopema. [lpegen oTHOLLEHUA CUHYCa
OecKOHEeYHO Manowu ayrm K camoun ayre,
BbipaXXeHHOM B paguaHax, paBeH
eanHuue, TO ecTb
lim 2IDX_4q
xX—>0 X '
OTOT Npeagen HasblBaloT NepPBbIM

3aMedaTeslibHbIM TpeaerioM.




llepebitu 3amedyamersibHbIU
npeodesi
sinx

; im 22 _1
x—0 X
A

X

B >
ITO O0ObACHAETCA TeM, YTO OeCcKOH&YHO Manas

ayra rnoytTm He ycrneBsaetr USMEHNTb CBOE
HaripaBlieHne, 1.e. NCKPUBUTbLCHA.




Bmopou 3ameyamersibHbIU
npeoeJsi

BTopown 3ameyaTtenbHbIV Npeaen:

1
X —
lim (1+lj —enm  IIm (1+ X)X =evnu

X—>0 X X—0
1

) (I)i()rgo (1+ a(x))m =e




llpumepsbi

Bblumncnmm
. sinbx .. SINbx
lIm = |lim 5=
x—0 X x—0 5X
. Sinx
= 5lim =——==5,

x—0 X




lpumepnbi

v . 3 X 3
Hantn |im (14-;) . [lonaras —=Yy,

X—>0 X
NOJIYHUM.

3. 3
im A+=)"=1lim 1+y)Y =

X—>0 X y—0

_ 1_3,

=lim |1+ y)Y| =€
y—0




CpasHeHue 6eCKOHeYHO MarsibIX

[1Be 6eCKOHEYHO Marble Npu x—a

dyHKLUMM a(X) 1 B(X) Ha3bIBaOTCS
6eCcKoOHeYHO mMaribIMU 00UHaKoB8020

rnopsioka, ecnm |.mL) K, roe k #0 u
KOHEYHO. x>a B(x)

[1pn atom nuwyT: a(x) =O(B(x))




[1Be 6ecKkoHeYHO Manble npu x—a
doyHKUMKM a(x) n B(x) Ha3bIBalOTCH
aKeueasieHmMHbIMU Npun X—a, ecnn
. o(X
Iim (x) =1 -

x—a ﬁ(x)

OTO 3anmcbiBaloT Tak:.a (x) = B(x) npwu
X—a.




beckoHe4yHO Manas npn x—a yHKumsa o
(x) Ha3biBaeTca oyHKUyueu boree
8bICOKO20 MOpPSA0Ka No CPaBHEHULO C
doyHKumnen B(x) npn x—a, ecnu

B atom cnyyae nmwyT a(x) = o (B(x)) npw
X—a.




[puBeaeM HeKoTopble 3aMeyaTernbHble
npUMepbl B AOMOMHEHME K NepBOMY U
BTOPOMY 3aMedaTeJibHbIM MNpeaeiiaMm.
In(1+ x) e’ —1 a” —1

lim =1, lm =1, lim
x—0 X x—0 X x—0 X

=na.




Teopema. Ecnn npu x — a 6ecKoHe4YHOo
Mmanble o(x)=wy(x) , TO

lim 29 _ i Y
xX—a f(X) xX—a f(X)
[pumep.
. 2 - 2 2
i In(1+sin” x) —lim SIn” X _ i X 0.

x—0 €2x —1 x>0 Dy x=0 Dy




