PeLLRHHEIHOLTATOBGINSYIABHERIH

Paboty nogrorosum ydawymecs 9 Knacca
MOY COLL N°3 ropogckoro okpyra
ropog MaHTypoBO

CokorsnioB Unbsi BukropoBud,

CokosoB [JMutpun BuktopoBud.
PykoBoguTe/ib:

MarnbiweBa CBeTiaHa KOpbeBHa,
yunTeslb MaTeMaTUKM BbICLLIEU KaTeropum



Conenranye:



Hennsanaun

: HAYYUTbCH HaXoAUTb peLLeHuUs
HeonpeaeneHHoro agnocgaHTOBOro ypaBHeHUH,
ecnun 3TOo peLleHne nMeeTcH.

[Nna OOCTUXEeHUSA HaLWInX Lerewn, 6bIJ1VI
nocTaBneHbl cneayroLime

U3yuntb nutepartypy o dmochaHTte, n 0
Ao aHTOBbLIX YPpaBHEHUSAX.

[ToHATL, Kak pewarTca AModaHToBbIe
YpPaBHEHUS.

HaunTtu pasnnyHbie MeToabl UX PeLUeHs.
CucremaTusnpoBaTb maTtepuan.
BbICTYNUTbL C HUM Ha Hay4YHOU KOHepeHUnu.



BHOmAr AN aHTa!

Ham Hen3BecTHO, kKem ObIn lnohaHT, TOYHbIE roga ero xXusHu. Ha morune
OnodaHTa eCTb CTUXOTBOPEHME-3aragka, peLias KOTOpPYH HeTpyaHO
noacynTaTtb, 4To [lnodaHT npoxun 84 roga. O BpemeHu xun3um finocdaHrta
Mbl MOXEM CyaAuTb No pabotam ppaHLy3CKOro uccriegoBaTtesia HaykKu
NMonga TaHHpKU, n 3TO, BepoAaATHO, cepenuHa lll B.H.3.

Hanbonee nHTepecHbIM npeacraBnaeTca TBopyecTBo [AnocaHTa.
«TpyAbl ero nogo6HbI CBepKalLweMy OrHo cpeau NofTHOU HenpoHuuaemMmoun
TbMbI». [CTpouK] o Hac aowro 7 KHUr u3 13, KoTopble ObININ 00 beANHEHbI
B «ApucdpmeTtuky». Ctunb U cogepxaHme 3TUX KHUT Pe3KO OTNIMYaloTCH OT
KJTaCCUYECKUX aHTUYHbIX COYMHEHMM MO Teopun Yyncen n anreope,
oOpa3ubl KOTOpbIX Mbl 3HaemMm no «Hayanam» EBknuaa, nemmam us3
counHeHun Apxumena v AnonnoHus. «KApucgpmeTuka», HECOMHEHHO,
SAiBUJaCb pe3yfibTaTOM MHOrOYMCIieHHbIX uccrnegoBaHMn, MHOrme m3
KOTOpPbIX OCTannMcb HamMm Heun3BeCTHbI. Mbl MOXeM TONbKO ragaTtb O eé
KOPHSIX N U3YMIATLCA O0OraTtcTBy U KpacoTe eé MeTOA4O0B U pe3ynLTaToB.



«ApucdmeTtuka» luodaHta — 3TO0 COOPHUK 3apay (nx Bcero 189), kaxxpan
U3 KOTOPbIX CHabXeHa pewleHueM U HeodxoanMbIM NosicHeHuem. B
cobpaHue BXOOAT BeCbMa pa3HooOOpa3Hbie 3a4auu, a UX pelueHue
4acTo B BbICLUEeN CTeNeHUn ocTpoyMHo. [InochaHT npakTuKoBarics B
HaxoXOeHUU peLueHUn HeonpeaeneHHbIX ypaBHEHUN Buga , unum
CUCTEeM Takux ypaBHeHun. TunudyHo ana AimocaHTta, 4to ero
UHTEPEeCYOT TOSIbKO MOJIOXXUTESIbHbIE Lenble U pauMoOHanbHbIe
peweHua. UppaumoHanbHbie peLlleHUs OH Ha3blBaeT «KHEBO3MOXHbLIMU»
U TwartenbHo noadoupaeTt KoadpPUUMEeHTbI TaK, HTOObI NONY4YUIIUCH
UCKOMbIEe NONOXUTerbHble, pauuoHanbHble peweHus. Noatomy,
OObLIYHO, NPOU3BOSIbLHOE HeonpeaesrieHHoe ypaBHeHue (HO, KakK
npaBuso, BCe-Taku ¢ uenbiMmu KoaddpunumeHtamm) nony4vyaert TUTyn
"AanocgaHToOBO", ecnu XOTAT NOAYEPKHYTb, YTO €ro TpebyeTcsa pewuTb B
LernbiX YuMcnax.



ORI Ol 6 Tt

B npanbHenwem HaMm NoTpedyloTCcA creaylolme onpeneneHus

. dnodaHTOBbLIM ypaBHEeHUEM 1-0¥ cTeneHun (NMMHEeNHbIM)
C N_HeU3BeCTHbIMM Ha3bIBaeTCH ypaBHeHMe Buga a:X«ta:X.+ ... +a.x.=
b,
rae Bce KO3 puumMeHTbl M HEN3BECTHbIE — Liefible Yucna u XoTs 6bl O4HO
a#0.
[Onsa cokpalweHna 3anucu ycrioBuMcsl gariee cokpawiaTtb ppa3sy iMmHenHoe
AnodraHTOBO ypaBHeHUe, Kak J1YV.

PeweHuem JI[1Y Ha3biBaeTcA ynopaaovyeHHas n - Ka
uenbix yncen (( xi[J, Xo[1 ... ,Xa[])), TaKaf, 4TO a:X:[J[1+ax.[+ ...
+a.x. |=b.

Hawen uensto Oygetr HayunTbCA HAXOAUTb PeLUeHUA HeonpeaereHHoro
ypPaBHEHUSA NepBOM CTENEHN, eCyin 3TO peLleHue UMeeTCH.

Ons 3Toro, HeO6X0AMMO OTBETUTb Ha crieayloLlime BOnpochl:

1). Bcerga nu JIQ1Y nmeet peweHUU, HanTU yCcrioBuUs CyLecTBOBaHUSA
pelieHus.

2). UmeeTca nu anropnUTMm, NO3BOSIAKOLWMN OTbICKaTb pewweHue J14YVY.



PaccmoTpum ypaBHeHUe
atax+t..+ax.=0,(2)rpea€Z (j=0,...,n), a. #0.

lNMokaxem, KaKUM 0Opa3omM MOXHO onpeaennTb BCe pauuoHanbHble KOPHU
ypaBHeHus (2) (3ToT meToh no3BosnsieT, B YaCTHOCTU, pellaTtb ypaBHEeHMS BUAa
(2) B uenbix yncnax). He Hapywasa o6LWHOCTU pacCcyXAeHUNU, MOXHO CYMTaTb,
yto a.# 0. lNycTb r - pauMoHanbHbIU KOPEeHb YypaBHeHuA (2), r=pq,rae p€ Z, q
€ N*, (p, q) = 1. YMHOXas obe YacTu paBeHcTBa a +a,pq+ ... +a_(p/q)"=0,

Ha q", nony4um

a.q" + ap*q™' +..+a_p"'q+ap”=0,
cnepoBaTternbHO,

pa.q" n qa.p".(3)Tak kak (p,q) =1, To (p,q") =1, (q,p") =1, noatomy n3
COOTHOLUEeHUH (3) cneayerT, 4To pa,, qa,.

[NockonbKy paumMoHanbHbIX Yncen Buaa r = p/q, Takux 4to (p,q) =1, pa., gan.,
KOHEe4YHOe YUCNOo, TO 3a KOHEeYHOE YMNCJIIO LaroB MOXHO BbIOpaTb Te U3 HUX,

KOTOpble ABMSAITCA peweHueM ypaBHeHus (2). Kak cneayeT U3 npuBeAeHHbIX
BbllLe pacCyXAeHUN, Apyrux pelueHnm ypasHeHue (2) UMeTb He MOXeT.



MHomakT0BEINNaBHERNAINENEOHIGIENER N

Mepeipem Tenepb K peleHUIo B LeJibiX YUC/laX YPpaBHEHUW NepBoMn CTeneHun
WJIN TaK Ha3blBaeMbiX JIMHEUHbIX YPAaBHEHUN, T. €. YypaBHEHUN BMAaA

aixi+ a2x2 + ... + anxn = b(6)rae a€Z (j=1,2,...,.n), bEZ.

NMpeanonoxumMm, 4To He Bce umcna aj (j = 1,...,n) paBHbl HY/10. OueBnAHO, AN
CyuleCTBOBaHMSA pellueHUs B LenbiX yucnax ypasHeHus (6) Heobxoammo,
yTo6bI (a1,...,an)b. I10Ka>|<eM, YTO 3TO YCJ/IOBME SAABJISIETCA U A0CTAaTOYHbIM.
NMonoxue G A nepeinaeM K paBHOCUJIbHOMY

YPaBHEHUIO a1’X1 + ... + an'Xn = b "(7), rne (a1, ..., an") = 1.Nyctb a;,” aj’- pBa
HeHYyJIeBbIX YMCNa, TakKux, uto |ai’'| # |ai'|. Ons onpeaeneHHOCTH
npeanosioXxuMm, uto i< j, |ai’| > |ai’| . PaspenusB c octatkoM ai' Ha &/,
noJiyuMM npepcraBsieHne ai'= ai'q + r. 3aMeHmB ai'Ha ai'q + r B ypaBHEHUM (7),
npueBeneM ero K Buay

a'xa+ ..+ G+ ...+a'(X5+qg6)+...+a'xn=>b".(8) NMepenuwem
ypaBHeHue (8) B Buge ak’, kK¥i .i Xk, k i'(’,

1 ’
ar"xi+..+an"xa"=b’, (9), rpe a"”"= Xi"'=

f r, ki ’ Xji+q Xi, K= J,



OueBMAHO, 4YTO pewieHunn ypasHeHus (7) u (9). cBasaHbl Mexay coboun
B3aMMHO OAHO3HA4YHbIM COOTBETCTBMEM U, TaKUM 06pa30M, peluMB ypaBHEeHMe
(9), HeCcnoXxHO HanUTH BCe pewieHuns ypaBHeHus (7). C opyron CTOpoHbl
ormetum, uto L1 k, i {1,...n}, k#i

a'"'=a’, |a"| <]|a’l].

OTMeTUM TaK)ke, YTO

(ar”, .., an”)=(ar’, ..cya@’-a'qyues,an’ )=(ar’, .syan’ ) = 1..
CnepoBaTtenbHO, 32 KOHEYHOE YMCO Waros ypasHeHue (7) npuBeaeTrcs K
BMAy aixi +.+anxn=b ' (10), rae uncna (i= 1,...,n), KOTOpble HEe paBHbl HYJIO,
paBHbl MeXAay cobou no abcontoTHoM BennunHe. U3 COOTHOLWEHUS cnenyeT,
yto ymcna (i = 1,...,n) MOryT NpuHMMaThb TOJIbKO 3HaYyeHun 0,11, npnuemM He
BCe U3 HUX paBHbl HYJ/10. [peanonoxxmuMm, ansa onpeneneHHocTy, . Torpa
ypaBHeHue (10) nmeet cneayroujee pewieHume:

roe b, 83, ..., t- npon3sBoabHbIE Henble yncna. OTcroaa, yumTbiBas
npoBeAeHHbIe 3aMeHbl, NoJIyYaeTcs U pewleHue ypasHeHus (7). OtMeTumMm, uTo
npyv nosydyeHum pewieHnsn ypasHeHus (10) ncnonb3oBascs nvuib pakT, uTo,
NO3TOMY, NMPM! BbINOJIHEHUM aJIFTOPUTMA MOXXHO OCTAHOBUTbLCS Ha TOM Liare,
Korga xots 6bl oguH 3 KO3((PMLUMEHTOB CTaHeT paBeH *1.



IO aHT0BEIfy FABHE RSB BIB LI MHETENEHEN

Ooka3aTb: uto ypaBHeHue (x-y)>+ (y-2)°+ (z-x)>=30

He MMeeT peLueHMN B LenbiX Yncnax.

PeweHue:

Pa3no)XxuB 1eBYy10 YaCcTb HA MHOXXUTENU, NnpMBeaeM YpaBHEHUe K Buay
(x-y)(y-2)(z-x) = 10.

3ametuMm, uto (x-y) + (y-2) + (z- x) = 0. C apyrom CTopoHbl, ACNUTENISIMU
10 asnarorca umcna x1, £2, +5, £10. HeTpyaHo npoBepuTb, YTO CyMMa
Nro6bIX Tpex yncen U3 3Toro MHOXXeCTBa, AaloWwmx B npom3seaeHmm 10, He
6ynet paBHsaTbCA 0.



[loka3aTb, YTO ypaBHEHUe X+ 23+ 42 - 6xyz= 0, (13)

B Lle/1bIX YMCJ/1aX HE MUMEET peLleHNi, He PaBHbIX HYJ1H0
OAHOBpPEMEHHO.

PelwueHue:

NMpeanosoXXuMm, UTO YMCna X, Y, Z, He paBHble O4HOBPEMEHHO HYJII0,
SAABZINAIOTCA pelueHueM UCXoaHOoro ypasBHeHusl. BUAHO, 4TO YnCno X -
yeTHoe. lNoacraHoBKa X = 2x1 paer

4x,> + y* + 22° - 6x,yz = 0.

OTcroaa cneayeT, UTO YUCIIO Y - YeTHOoe, ¥ = 2yl. YuuTbiBas 3TO,
noJlyumMm

2x,*> + 4y,*+ 22 - 6x,y,2= 0.

CnepnoBaTesibHO, Z - TaK)XXe YyeTHoe 4yucno. lNocne noacraHoBku zZ = 2z1
ypaBHeHue NnpuHMUMaeT Bug

x>+ 2y> + 4z3 - 6x.y,z, = 0.

Paccy)xaas aHasorM4yHo, AOKa3biBaeTcs, uTo ansa nrwoboron N
27 x, 2"y, 27|z NMpoTuBopeuue.
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[loka3aTb, YTO YpaBHEHUe

x3+y3+2z3=2

nMmeeT 6eCKOHEeYHO MHOIro peLleHU B LesibiX YMcax.

PelwwleHue:

NMNonoxxmm x=a+b, y=a-b.Toraax3+ y3=2a3+ 6ab?2 Cyyerom
nocJsieAHero paBeHCTBa UCXOAHOE ypaBHEHUE NPUHMMAET BUj
2a3+6ab?+ z3= 2,

NMonoxus a = 1, nonyumm z 3 = -6b 2. Monoxwum Tenepb b = 6t 3. OTclopa z =
-6t2, x=1+ 6t3, y=1-6t3. Taknm obpa3om, nonyyeHo 6eckoHeuHoe
MHO)XECTBO peLleHUN UCXOQHOIro ypaBHEHUSA!, COOTBETCTBYHOLLMUX
Lle/IoYMC/IEHHbIM 3HAYeHUAM napamertpa t



lokasaTb, UTO ypaBHeHue

X?-2y?=1 (14)uMmeeT 6eCKOHEYHO MHOrO pPeLleHni B HaTypasbHbIX YNCNaXxX.
PewieHue:

HeTrpyaHo 3amMeTuTb, uTO (3,2) - OAHO U3 peLueHnin UCXOAHOIro ypaBHeHus. C
APYrou CTOpOHbI U3 TOXAECTBA

(x?+ 2y ?)? - 2(2xy)* = (x2 - 2y2)2

cnegyert, uTto ecnum (X, y) - peweHne ypasHeHus (14), To napa (X2 + 2y2, 2xy)
TaK)Ke ABNsieTCs ero peweHmeM. Mcnonb3ysa 3TOT (PakT, pEKYPPEHTHO
onpenenmMm 6eckoHeYHYI0 nocneaoBaTenibHOCTb (XN, yn) pa3nNyYHbIX
pelleHn UCXOAHOIro YpaBHEeHMUSN:

x,,¥)=(B32) n x+1=x2+2y? y+1=2xy, n M

[lokasaTtb, UTO ypaBHEeHue

X(x+1)=4y(y+ 1)

Hepa3peLwuMo B LesibiX NoJI0XKUTENIbHbIX YMCaXx.
PewleHue:

HeTpyaHo 3aMeTUTb, UTO UCXOAHOE YPaBHEHME PaBHOCUJIbHO YPaBHEHUIO
X+ x+1=(2y+ 1)

CnepoBaTtenbHO, X>* < (2y+ 1)’ < (x+ 1)’vmnnx<2y+ 1 < x+ 1.
NMonyyeHHoe NpoTuBOpeUYne AoKa3biBaeT TpebyeMmoe yTBepKaeHue.



peLWnTb B Lie1biX YUNC/1aX YypaBHEHue.
PewieHue:
3aMeTumMm, YTO C/laraemMbie B JIEBOM YaCTU YypaBHEHMUS UMEIOT OAMHAKOBbIN
3HaK, a NOCKOJIbKY UX CYMMa MOJIOXKUTEJIbHA, TO KAa)XXAo0e C/laraemMoe TakKke
nonoXxurtenbHo. NMpuMmeHsas HepaBeHCTBO Kowu, nonyumm
CnepoBaTtenbHo, xyz = 1. OTCIoAa NONYYMUM, YTO peLUEeHUAMU MOryT 6bITb
Tonbko Tpoukm (1,1,1), (1,-1,-1), (-1,-1,1), (-1,1,-1). NpoBepkow
ybexpaeMcs, 4To KaXkaas U3 HUX AENCTBUTEJIbHO AABJISETCA pelleHueM
MCXOAHOI0 YypaBHEHMUS.

: [loKka3aTb, UTO ypaBHEeHUe

He MMeeT peLleHUI B LesbiX NOJIOXKUTE/IbHbIX YNCNaX.
PeweHue:

Monoxum d = (x, y), x, =x/d, y, =y/d.Tak kak
X+ xy+ Yy =Xy,

cnepoBaTesibHO,
X,* + x,y, + y,2 = d °x.%y ,%. (15)0O71ciona nony4aem, 4to
X1 I y1l y]_ IX]_'

YuutbiBag, uTo (X,,¥,) = 1, aenaem BbiBoA, 4TO X, = ¥, = 1. Takum obpasom,
ypaBHeHue (15) npuHuMaer B

d2 = 3,

OTcroaa cneayet TpebyeMoe yreep)xaeHue.



[loka3aTb, UTO YpaBHEeHUe

X+ 1=py,

rae p - npocroe 4y1cso suaa 4k+3, HepaspewwnmMmo B LiesiblX YMCnax.

PewweHue:

NMpeanonoxXuMm, UTO UCXOAHOE YpaBHEHUe pa3peLwumMo B uenbix yncnax. Toraa
X2 + 1 = 0(mod p).

Ho, cornacHo manou Tteopeme ®epma,

-1 = (-1)%¥1 = (x2)?/*1 = xP1 = 1(mod p).

NMonyyeHHOE NpoTUBOpEeUYMne A0Ka3biBaeT Hepa3pewmnMoCTb UCXOQHOI 0
ypaBHeHusA B Z.

PeLnTb B Les1biX YUC/laxX ypaBHeHune

2x3 + xy-7 = 0.

PelwwleHue:

N3 ycnoBusa cnepyer, uTo X Ao/HKeH 6bITb aenutenem uncna 7. T. e.
BO3MO)XKHbIe 3HaYeHus X HaxoaaTca cpeamn umcen {1, £73}. Nepeb6bpas 3Tn
BO3MOXXHOCTH, NoJiy4yaeM pewueHue ypasHenums: (1,5), (-1,-9), (7,-97), (-7,-99



